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1 Introduction 

Let {(M(,r7ij)} be a sequence of pointed n-dimensional complete Riemannian manifolds 
{n > 2) with RicMi — ""('^ ~ 1) ^^^ (Y,y,v) a pointed proper metric space (i.e. ev- 
ery bounded subset of Y is relatively compact) with Radon measure v on Y satisfying 
(M(,mj, vol) converges to {Y,y,v) in the sense of measured Gromov-Hasdorff topology. 
Here vol is the renormalized Riemannian volume of {Mi, mi): vol = vol/vol i?i(mj). We 
fix i? > 0, a sequence of Lipschitz functions fi on Bjiimi) = {w G Mf, w, rrii < R} and 
a Lipschitz function /oo on Br{ii) satisfying supj Lip/j < oo. Here w/frTi is the distance 
between w and rrii, Lip/j is the Lipschitz constant of /«. Then we say that fi converges to 
/oo if fi{xi) — )■ /oo(a^oo) for every Xj G Bfi^nii) and Xoo G Bji{y) satisfying that Xj converges 
to Xoo- See section 2 for these precise definitions. Assume {fi} converges to /oo below. 

The purpose of this paper is to give a definition: differential dfi of fi converges to 
differential df^o of /oo in this setting. To give the definition below, we shall recall cele- 
brated works for limit spaces of Riemannian manifolds by Cheeger-Colding. By |5] and 
[9], we can construct the cotangent bundle T*Y of Y, a fiber T*Y is a finite dimensional 
real vector space with canonical inner product (■, ■){w) for a.e. w & Y. Moreover, every 



Lipschitz function g on Bji{y) have canonical differential section: dg{w) G T^Y for a.e. 
w G Bji{y). See section 4 in [5] and section 6 in [9] for the details. 

We shall give a definition of convergence of differential of Lipschitz functions (see 
Definition IHH]): 

Definition 1.1 (Convergence of differential of Lipschitz functions). We say that dfi 
converges to dfoo on Br^i/) if for every e > 0, Xoo G Buiy) ^oo & Y , Xi & Bn^rrii) and 
Zi G Mi satisfying that Xi converges to Xoo and that Zi converges to 2:00, there exists r > 
such that 



lim sup 
and 



1 p/ ^ / {drz,,dfi)dvo[-——- -/ {dr^^,df^)dv 



< e 



limsup— -— — — / M/ipo?vol < — — -/ \df^\'^dv + e 

for every < t < r. 

If dfi converges to dfoo on BR{y), then we denote it by (/», dfi) -)■ {foe, dfoo) on S/j(y). 
Assume {fi,dfi) -)■ {f 00, dfoo) and {gi,dgi) -)■ {goo,dgoo) on Br^i/) below. 

In the paper, we will study several properties of the convergence and give their appli- 
cations. For example, we will give the following in section 4: 

Theorem 1.2. We have 

lim / Fi{{dfi,dgi))dvo[= / Foo {{df 00, dg 00)) dv 

'^"^JEninu) Jb„(v) 



for every sequence of continuous functions {-Fi}j=i,2,...,oo on H} satisfying that Fi converges 
to Foo uniformly on each compact subsets o/R. Especially, if foo = goo, then we have 

lim } f F,{\df, - dgi\)dYol = Foo(O). 

i^oo vol BR{mi) JBMmA 



See Proposition 14.51 and Theorem 14.201 for the proof. We will also give the following 
in the section: 

Theorem 1.3. Let hi he a harmonic function on Bii{mi) and hoo a Lipschitz function 
on Br{ii) satisfying that supj Lip/ij < 00 and that hi converges to hoo on BrIjj). Then 
hoo is harmonic function on Bji{y), {hi,dhi) — )• {hoo,dhoo) on Bji{y). 

We remark that the harmonicity of hoo in Theorem 11.31 is given already in ^j by Ding. 
We will give an alternative proof of it in section 4 (see Corollary 14.371) . 
The organization of this paper is as follows: 



In the next section, we will give several important notions and propeties for metric 
spaces and manifolds to understand this paper. Most of statements in the section do not 
have the proof, we will give a reference for them only. 

In section 3, we will give results of rectifiability for limit spaces of Riemannian mani- 
folds (Theorem 13. 171 and Theorem 13.541) . It is important that we can take functions which 
give a rectitfiability of limit spaces, by distance functions in these theorem. As a corol- 
lary, we will give an explicit geometric formula of radial derivative for Lipschitz functions 
(Theorem 13.331) . These results are used in section 4 essentially. In [15], we will also give a 
geometric application of results in this section 3 to limit spaces of Riemannian manifolds 
with Ricci curvature bounded below. 

In section 4, we will give a definition of convergences of L°°-functions associated to 
measured Gromov-Hausdorff convergence and give the definition of convergence of dif- 
ferential of Lipschitz functions again via the definition of convergence of L°°-functions. 
After that, we will give several properties of the convergence. Main properties of them 
are Theorem 14.201 Theorem 14.271 and Corollary 14.351 

In section 5, as an application of results in section 4, we will study harmonic func- 
tions on asymptotic cones of manifolds with nonnegative Ricci curvature and Euclidean 
volume growth via Colding-Minicozzi big theory ( [171 HI HI ISHl 1211 [22] ) . See Definition 
15.31 for the definition of asymptotic cones. It is important that we can replace most of 
statements for harmonic functions on manifolds in [18] with one on asymptotic cones via 
Ding's important works [231 [2^ and Theorem 14.201 For instance, we will prove that the 
space of harmonic functions with polynomial growth of a fixed rate is finite dimensional 
vector space (Theorem 15. 34p . We can regard it as asymptotic cones version of finite di- 
mensionality conjecture on manifolds by Yau (see for instance Conjecture 0.1 in [17]). We 
remark that most of important essential ideas to prove these statements given in [T81I22]. 
Roughly speaking, we can get these results by "taking limit of most of results in [18] 
via Theorem 14.201 ' . As an application of them to manifolds, we will prove the following 
Liouville type theorem: 

Theorem 1.4. Let M be an n- dimensional {n > 3) complete Riemannian manifold 
with nonnegative Ricci curvature and Euclidean volume growth. Then, there exists unique 
di > 1 satisfying the following properties: 

1. For every asymptotic cone M^o of M and < d < di, we have 

H'^{Moo) = {Constant functions}. 

Here H^{Moo) is the linear space of harmonic functions on M^ with order of growth 
at most d. 



2. There exists an asymptotic cone M^o of M such that 

H'^^{M^) ^ {Constant functions}. 

3. For every < d < di, we have 

H'^{M) = {Constant functions}. 

See Corollary 15.481 for the proof. 

In section 6, as another application of results in section 4, we will give (distributional) 
Laplacian comparison theorem on limit spaces of Riemannian manifolds by using several 
results in [12]. See Theorem 16.11 This formulation is given in |53] by Kuwae-Shioya 
on weighted Alexandrov spaces. Roughly speaking, this Laplacian comparison theorem 
implies that limit spaces of Riemannian manifolds have "definite lower bound of Ricci 
curvature in some sense." In fact, we can get a stability result of lower bound of Ricci 
curvature with respect to Gromov-Hausdorff topology (Corollary 16. 3p . The corollary is 
well known in the setting of metric measure spaces. See for instance [651 EEl [721 EHl EHl 
l92l [93] . We will give an alternative proof of it via the Laplacian comparison theorem. 

In section 7, we will give proofs of several propositions used in previous sections. 

Acknowledgments. The author would like to express his deep gratitude to Professor 
Kenji Fukaya and Professor Tobias Hoick Colding for warm encouragement and their 
numerous suggestions and advice. He is grateful to Professor Takashi Shioya for his 
suggestion about Theorem 16 . 1 1 and giving many valuable suggestions. This work was done 
during the stay at MIT, he also thanks to them and all members of Informal Geometry 
Seminar in MIT for warm hospitality and for giving nice environment. 

2 Preliminaries 

Our aim in this section is to introduce important notions and properties for metric spaces 
and manifolds to understand statements in this paper. 

2.1 Metric measure spaces 

For a positive number e > 0, we use following notation: 

a = b ±e <^=^ |a — 6| < e. 

We denote by \E'(ei, e2,... , e^; Ci, C2,... , q) (more simply, \I') some positive function on R^q x 
R' satisfying 

lim ^(ei, €2,... , Cfc; Ci, C2,... , q) = 



for each fixed real numbers ci, C2,.-- , Q- We often denote by C(ci, C2,... , q) some (positive) 
constant depending only on fixed real numbers Ci, C2,... , Q. 

For a metric space Z, a point z ^ Z and a positive number r > 0, we use the following 
notation: 

B.,.[z) = {x E Z; zTx < r}, -Br(-2) = {a; G Z; zTx < r}, dBr{z) = {x E Z; Y^ = r}. 

Here y7^ is the distance between y and x, we often denote the distance by dz{y,x). For 
r < i?, we put Ar^ui^z) = Br{z) \ Br{z). For every A C Z, we also put Br{A) = {x E 
Z;A,w < r} and Bj.{A) = {x E Z; A,x < r}. For an open subset U of Z and rj > 0, we 
put f/j, = {w G f/; Brf{w) C f/}. It is easy to check that f/,, is closed subset of Z. For 
z E Z, we define 1-Lipschitz function r^ on Z by r^(w) = 'z^. 

For a Lipschitz function f on Z and a point z E Z, we will use the following notations: 

1. If 2; is not an isolated point in Z, then we put 

Upf (z) = lim inf I sup LM^ (^) ' 

if z is an isolated point in Z, then we put lipf{z) = 0. 

2. If z is not an isolated point in Z, then we put 

.... ^ V , \f{x)-f{z)\ 

Lipj[z) = hmsup sup 



r-5>0 \x£Br{z)\{z} 2;, Z 

if z is an isolated point in Z, then we put Lip/(2;) = 0. 
3. If Z is not single point, then we put 

Lip/ = sup ^ < 00, 

if Z is a single point, then we put Lip/ = 0. 

We shall remark that for every subset A G Z and Lipschitz function / on A, there 
exists a Lipschitz function /* on Z such that /*|a = / and Lip/* = Lip/. In fact, if we 
define a function /* on Z by f*{z) = infagyi(/(a) + Lip/^Ta), then it is easy to check 
that /*U = / and Lip/* = Lip/. 

For a Borel subset A of Z, an extended real valued Borel function f on A and an 
extended nonnegative real valued Borel function g on A, we say that g is an upper gradient 
for / if for every 01,02 G A and continuous rectifiable curve 7 : [0, /] — ?■ A parametrized 
by arclength with 7(0) = ai,7(/) = 02, we have 

|/(ai)-/(a2)|< [ g{i{s))ds. 



For an open subset U G Z and a Lipschitz function / on U, lipf is an upper gradient for 
/ on U. See [5[ Proposition 1.11]. 

We say that Z is proper if every bounded subbsets of Z are relatively compact. We also 
say that Z is a geodesic space if for every xi, X2 G Z, there exists an isometric embedding 
7 from [0,xT7x2] to Z such that 7(0) = xi,7(xi,a;2) = X2. We say that 7 is a minimal 
geodesic from xi to X2. For a proper geodesic space W and w G PF, we put C^ = {z E W; 
For every x G W \ {z}, we have w^ + 1^ > w^} (if W is a. single point, then we put 
Cw = 0). We call C^ cut locus ofW at w. 

For a proper metric space Z and a Borel measure i; on Z, we say that t; is Radon 
measure if t;(-ft') < 00 for every compact set K, 

v{A) = sup v{K) = inf v{0) 

ii^CAxompact AcO.opcn 

for every Borel subset A of Z. Then we say that a pair (Z, v) is a metric measure space in 
this paper. For a metric measure space (Z, v), a point z G Z and A; G R>o, we say that v 
is Ahlfors k-regular at z if there exist r > and C > 1 such that C~^ < v{Bt{z))/t^ < C 
for every < t < r. We shall introduce the notion of v-rectifiability for metric measure 
spaces by Cheeger-Colding. See P Definition 5.3] and P Theorem 5.7]. For metric 
spaces Xi,X2, < 6 < 1 and a bijection map / from Xi to X2, we say that / gives 
(1 ± 6)-bi-Lipschitz equivalent to X2 if / and f~^ are (1 + 5)-Lipschitz map. 

Definition 2.1 (Rectifiability for metric measure spaces). For a metric measure space 
{Z,v) and a Borel subset A <Z Z, we say that A zs v-rectifiable if there exists a positive 
integer m, a collection of Borel subset {Cfc,j}i<A:<m,ieN of A and a collection of bi-Lipschitz 
embedding map {4>k,i '■ Ck,i ~^ R-^} satisfying the following properties: 

1. viA\[Jk^^C,,) = 

2. i; is Ahlfors /c- regular at each x G C^^i- 

3. For every k, x G IJjeN ^k,i and < 5 < 1, there exists C^^i such that x G C^^j and 
that the map (pk.i gives (1 ± (5)-bi-Lipschitz equivalent to the image 4'k,i{Ck,i)- 

We shall recall the definition of Sobolev spaces on metric measure spaces (see |1] and 
[H]). We fix a metric measure space (Z, v) satisfying that Z is a geodesic space and that 
{Z,v) satisfies doubling condition below: For every r > 0, there exists K = K{r) > 1 
such that < v{B2s{x)) < 2^v{Bs{x)) for every x E Z and < s < r. We fix an open set 
U G Z. For functions f,gG L'^{U), we say that g is a generalized upper gradient for f 
if there exists sequences of extended real valued functions fi on U and upper gradient gi 
for fi on U such that fi — )■ / and gi ^ g in L'^iJJ). Let Hi^2{U) be the subspace of L'^iU) 



consisting functions / satisfying that there exists a generahzed upper gradient g for / on 
U ■ By [5l Theorem 2.10], for every / G Hi2{U), there exists unique gf G L'^iU) satisfying 
that \gf\L'^{u) < \9\l'^(U) for every generahzed upper gradient g for /. We define a norm 
I • |i,2 on Hi^2{U) by |/|i,2 = \f\L^(u) + \gf\L^(U)- We caU {Hi^2{U), \ ■ |i,2) t/ie Sobolev space. 
We put is:(?7) = {A; G i^i,2(^); There exists r^ > such that v{{k ^ 0} n (f/ \ f/^)) = 0}. 

We recall the definition of (2-)harmonic function on metric measure spaces by Cheeger. 
For a Borel function / on U, we say that / is harmonic on f/ if /|y G Hi^2{V) for every 
bounded subset V C U and \gf+k\L'^{v] > IdflL'^iV) for every k G K{U). 

We shall recall the definition of weak Poincare inequality of type (1,2) for metric 
measure spaces. We say that {Z,v) satisfies a weak Poincare inequality of type (1,2) if 
for every i? > 0, there exist r > 1 and C > 1 such that 



v{Br{x)) JB,{a^) 






''"^^''t/uilj^l.,,/?* 



for every x&Z,0<r<R and / G Hi^2{Brrix)). We remark that if {Z,v) satisfies a 
weak Poincare inequality of type (1, 2), then for every R> 0, there exist Ci > 1 such that 



v{Br{x)) Jb^(^) 






*^^"-i/^p!w)/b,,/?*' 



for every xGZ,0<r<R and / G Hi^2{Br{x)). See for instance (4.4) in [5j or 

We shall give a short review of important results about differentiability of Lipschitz 
functions on metric measure spaces by Cheeger. We assume that {Z, v) satisfies weak 
Poincare inequality of type (1,2) below. Then, by section 4 in [5], we can construct the 
cotangent bundle T*Z of Z. See O Definition 4.42] for the construction. We will give 
several fundamental properties of the cotangent bundle only: 

1. T*Z is a. topological space. 

2. There exists a Borel map vr : T*Z — )■ Z such that v{Z \ 7r(T*Z)) = 0. 

3. For every w G 7r(T*Z), 'n'^^{w) is finite dimensional real vector space with canonical 
norm | ■ \{w). 

4. For every open set U G Z and / G Hi^2{U), there exists a Borel set V G U and a 
Borel map df (called differential section of /) from V to T*Z such that v{U\V) = 
and that iiodf{w) = w, \df\{w) = gjiw) for every w gV . Moreover, if / is Lipschitz, 
then \df\{w) = Lip f{w) = lipf{w). 

5. For every open set U G Z and Lipschitz functions /i, /2 on f/, Leibnitz rule hold: 

d{flf2){w) = f2{w)df,{w) + fl{w)df2{w) 

8 



for a.e. w G U. 

See section 4 and 5 in [5] for the details. 

In addition, we assume that Z is u-rectifiable below. Then, by section 6 in [9], for a.e. 
w E Z , each norms | ■ \{w) defines the inner product (■, ■)(w), i.e. |f |(w) = \J {v,v){w) for 
every v G t:~^{w). We call {(■, ■)(w)}^gy Riemannian metric ofY and denote it by (■, ■). 
Moreover, the following bilinear form 

{dfi,df2)dv 

on Hi2{Z) is closable (see [9l Theorem 6.25]). Therefore this bilinear form determines 
a canonical (positive definite) self-adjoint operator A^ on L'^{Z). We call A^ Laplace 
operator of {Z,v) or Laplacian of {Z,v) Moreover, if Z is compact, then (1 + Az)^^ is 
compact operator (see |9l Theorem 6.27]). 

2.2 Gromov-HausdorfF convergence 

For compact metric spaces Xi,X2, we define Gromov-Hausdorff distance between Xi and 
Xaby 

dGH{Xi,X2) = inf{(i^((/)i(Xi), </)2(X2)); There exist a metric space W and 
isometric embeddings (pi from X^ to W{i = 1,2)}. 

Here d^ is the Hausdroff distance and the infimum above runs over all W, (pi satisfying 
conditions above. We remark that dcH is a distance on the set of isometry class of compact 
metric spaces. On the other hand, for compact metric spaces Xi, X2, a positive number 
e > and a map (p from Xi to X2, we say that (p is an e- Gromov-Hausdorff approximation 
if Se(lmage0) = Xi and \x,y — (p{x),(p{y)\ < e for every x,y G Xi. It is easy to check 
that if ^^^(-^15-^2) < ^1 then there exists an 3e-Gromov-Hausdorff approximation from 
Xi to X2 and that if there exists an e- Gromov-Hausdorff approximation from Xi to 
X2, then dcH^Xi, X2) < 9e. For a sequence of compact metric spaces Xi, we say that 
Xi converges to X^o if dGH{Xi,Xoo) converges to 0. Then we denote it by Xi — )■ X^q. 
Similarly, for pointed compact metric spaces (Xi,Xi), (^2,^2), we can define the pointed 
Gromov-Hausdorff distance (iG//((Xi,xi), (X2,X2)). 

Moreover, for a sequence of pointed proper geodesic spaces, (Zj, Zi), we say that (Zj, Zi) 
converges to (Zoo, 2^00) if there exist sequences of positive numbers e^, Ri and a (Borel) 
map (pi from {BR^{zi), Zi) to {Bji.{zoo), Zoo) such that ej — > 0, -Rj — t- 00 as z — )■ 00, 
BrXzoo) C B^X^-ma.gfi(pi) and \xi,X2 - (pi{xi),(pi{x2)\ < e^ for every a;i,a;2 G BRX^i). 
We denote it by {Zi,Zi) '-4' ' (Zoo,-2oo), or more simply {Zi,Zi) — )■ {Zoo,Zoo). For every 



Xoo £ Zoo and x-i G Zi, we say that Xi converges to Xoo if 0j(a;i), Xoo -^ 0. Then, we denote 
it by Xi -^ Xoo- 

Let (Zj, z-i) — )> (Zoo, -2oo)- For a sequence of sets Ai C Zj satisfying that there exists R > 
such that Ai C Bji{zi) for every ?, we say that Ai is included by A^o asymptotically if for 
every e > 0, there exists io such that for every i > i^, (pi{Ai) C i?e(^oo)- Then we denote 
it by hmsupj^o^ A^ C A^o- (If A^o = 0, then hmsupj^g^ A^ C A^o imphes Ai = $ for every 
sufficiently large i.) Similarly, we also say that A^o is included by Ai asymptotically if for 
every e > 0, there exists io such that for every i > io, A^o C A^{(f)i{Ai)) . Then we denote it 
by Aoo C liminfj_>>oo ^j- Let Coo C hminfj^oo C**- For a sequence of Lipschitz function fi 
on Ci satisfying supj Lip/j < oo, we say that foo is a restriction of fi asymptotically if for 
every w G Coo, subsequence {n{i)} of N and Wn(i) G Cn{i) satisfying (pn{i){u]n{i)),w — )■ 0, 
we have 

lim fn{i){Wn(i)) = foo{w). 

l^OO 

Let limsupj^o^ Di C -Doo and Doo be compact. For a sequence of Lipschitz function gi on 
Di satisfying supj Lip^fj < oo, we say that Qoo is an extension of Qi asymptotically if for 
every w G Z^oo, subsequence {n{i)} of N and Wn{i) G Dn(i) satisfying (pn{i){wn{i)),w — )■ 0, 
we have 

lim gn(i){wn{i)) = goo{w). 

l^OO 

For a sequence of compact set Ki C Zi, we say that {Zi, Zi, Ki) converges to {Zoo, -^oo, -f^oo) 
if there exists r^ > such that r^ -> 0, 0j(-ft'i) C B^^+rX^oo) and fc'oo C B^^+^Mii^i))- 
Then we denote it by {Zi,Zi,Ki) '-4'' {Zoo,Zoo,Koo) or, more simply, {Zi,Zi,Ki) — )■ 
{Zoo, Zoo, Koo) or Ki -)■ fi'oo- It is easy to check that {Zi, Zi, Ki) -)> {Zoo, Zoo, Koo) holds if 
and only if lim supj^^^ Ki C Koo and Koo C lim inf j^oo Ki hold. 

Let {Zi,Zi,Ki) — )■ (Zoo, -2oo, -^oo)- For a sequence of Lipschitz functions, fi,fi,-,fi 
on fi'j satisfying supj_j(Lip/j' + \fl\L°^) < oo, we say that {Zi,Zi,Ki,fl,...,f^) converges 
to {Zoo, Zoo, Koo, /oo V ; /oo) if 

lim fl{xi) = fU^oo) 

J— ^-oo 

for every Xi G Ki and Xoo G -ft'oo satisfying Xj — )■ Xoo. It is easy to check that this condition 
holds if and only if /^^ is an extension (or a restriction) of {fi} asymptotically for every /. 
We denote it by {Zi, Zi, Ki, //,... , /f ) -^ {Zoo, Zoo, Koo, fLy > fL)^ ^i more simply, // -^ /^ 
for every /. Then we can also check that 

«— 5>oo 

easily. 

Example 2.2. Let {Zi, Zi) — ?■ {Zoo, Zoo)- Then it is easy to check that limsupj^oo Bii{zi) C 
Br{zoo) and Br{zoo) C liminfi_^oo ^^(2;^). 

10 



Example 2.3. Let {Zi, Zi) — )■ {Zoo-, Zoo)- Then for every A C Z^o and Tj — )> 0, we have 
hmsupj^o^ fi^^((0j)"^(Ai)) C A and A C hminfi^oo(0i)""^(^j)- 

It is not difficult to check the following proposition: 

Proposition 2.4. Let {Zi,Zi) -^ {Zoo,Zoo), A],Aj hounded subsets of Zi. Then we 
have the following: 



1. //limsup,^^ A^ C A^ for 3 = 1,2, then limsup,^^(Ai U Af) cA^UAl. 

2. If A^oo C hm infi_,oo ^- for j = 1, 2, then hm infi_^oo(4^ U Af ) C A;^ U A^. 

c?. If X,Y C Zoo satisfies hm sup^^^^^ Aj C X, hmsupj^g^Aj C F and X U F C 
liniinfj_!.oo ^i; then X = Y. Here, X is the closure of X in Z^o- 

We shall give a proof of the next proposition: 

Proposition 2.5. Let {Zi,Zi) be a sequence of proper geodesic spaces, A a set and 
{A'^}xeA (I collection of bounded subsets of Zi. We assume that {Zi,Zi) converges to 
{Zoo, Zoo), ^to ^-^ compact for every A G A and that limsupj_^oo ^i '^ ^^ /^'^ every A G A. 
Then, lim sup^^^ Haga A^ ^ flAeA^^- 

Proof. The proof is done by a contradiction. We assume that the assertion is false. 
Then, there exists r > such that for every i, there exist Ni > i and Wi G (pN^OxeA ^nJX 
-^i"(nAeA^oo)- Without loss of generality, we can assume that there exists Woo G Zoo such 
that Wi — )■ Woo- By the assumption, we have Woo G A^ = A-^ for every A G A. Thus, 
"Woo ^ PIaga ^oo- Especially we have Wi G -BrlflAGA ^oo) for every sufficiently large i. This 
is a contradiction. D 

We shall consider convergence of a sequence of complement of open balls: 

Proposition 2.6. Let {Zi, z.i) be a sequence of proper geodesic spaces and Ai a bounded 
subset of Zi. We assume that {Zi,Zi) converges to {Zoo,Zoo), Aoo is compact and that 
limsupj^o^ Ai C Aoo- Then for every r > and Xi — )• Xqo G Zoo, we have lim supj^^o (^i \ 

L>r\^i)) C Aoo \ Ijr(Xoo)- 

Proof. We assume that the assertion is false. Then there exists r > such that for 
every i, there exist Ni > i and Wi G (f)iy-{A^^ \ Br{xj^.)) \ Bt-{Aoo \ Br{xoo))- Without 
loss of generality, we can assume that there exists Woo G Zoo such that Wi — )■ Woo- By the 
assumption, we have Woo G ^oo = Aoo- We take ai G AN\Br{xNi) satisfying Wi = (f)Ni{o:i)- 
Then, since ai,XNi > r, we have Woo,Xoo > r. Therefore, Woo ^ Aoo \ Br{xoo)- Thus, we 
have Wi G Bt-{Aoo \ B.f{xoo)) for every sufficiently large i. This is a contradiction. D 
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Example 2.7. Let {Zi, Zi) — > (Zoo, -^oo)- Then, for every r > 0, we have hmsupj_j.oo dBr{zi) C 

dBr{Zoo)- 

The proof of next proposition is done by a contradiction similar to the proof of Propo- 
sition |23] or |Ml 

Proposition 2.8. Let {Z^, z.j) he a sequence of proper geodesic spaces and rji a positive 
numbers. We assume that {Zi,Zi) converges to (Zoo,-2oo) ond rji — )■ rjoo- Then for every 
r > 0, we have \imsupi_,^{Br{zi))^^ C {Br{zoo))n^. 

We will give the following fundamental result by Gromov for precompactness of Gromov- 
Hausdorff topology. See [35] for the proof. 

Proposition 2.9. Let {{Zi,Zi)}i be a sequence of pointed proper geodesic spaces. We 
assume that for every e > and R> 1, there exists N such that for every i, there exists a 
finite covering {B^{xj)}j=i^,,,^iq of Bji{zi). Then, there exist a subsequence {(Z„(j), 2;„(j))} 
and a pointed proper geodesic space {Zoo, -^oo) such that {Zn{i), Zn{i)) converges to {Z^o, Zoo)- 

We will give a result of precompactness for a sequence of compact sets; 

Proposition 2.10. Let {Zi,Zi) be a sequence of proper geodesic spaces and Ki a 
sequence of compact subset of Zi. We assume that {Zi,Zi) converges to {Zoo,Zoo) and 
that there exists R > such that Ki C Bf>{zi) for every i. Then, there exist a subse- 
quence {n{i)} and a compact subset K^o of Z^o such that {Zn(i), Zn{i),Kn(i)) converges to 

Proof. By the assumption, for every fc, there exists N^. such that for every z, there ex- 
ists Xi{i,k),... ,X]\i^,{i,k) E Bfi{zi) such that Ki C Bji{z,i) C \J-^^Bj.-i{xj{i,k)). Since Z^o 
is proper, by diagonal argument, there exists a subsequence {n{i)} such that {0„(j) (xj(n(i), k))} 
is Cauchy sequence for every j^k. We put Xj{k) = \im.i^oo <Pn{i){xj{n{i) , k)) and Ko 



'■OO 



{xj{k)}. It is easy to check that {Zn{i),Zn{i),Kn(i)) converges to {Zoo, ZocK^o)- □ 

We will give a result of precompactness for a sequence of Lipschitz functions. 

Proposition 2.11. Let {Zi, Zi) be a sequence of proper geodesic spaces, Ki a sequence 
of compact subset of Zi and fi a sequence of Lipschitz function on Ki. We assume that 
{Zi, Zi, Ki) converges to {Z^o, z^o, K^o) and that supj(Lip/j + |/j|ioo) < cx). Then there exist 
a Lipschitz function f^o on K^o and a subsequence {n{i)} such that {Zn(i), Zn{i), Kn{i), fn{i)) 
converges to {Zoo,Zoo,Koo, foo)- 

Proof. We take a countable dense subset {xj} of K^o- For every Xj, we take Xj{i) G 
Ki satisfying that Xj{i) converges to Xj. Then, there exists a subsequence {n{i)} of N 
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such that the sequence {fn(i){xj{n{i)))} is Cauchy sequence. We define a function Fqo on 
{xj} by 

Foo{xj) = hm fn{i){xj{n{i))). 

i—^oo 

It is easy to check that the function F^o is supj Lip/j-Lipschitz function. Therefore there 
exists unique Lipschitz function f^o on K^o such that Foo(xj) = foo{xj). It is easy to check 
that /oo satisfies the assertion. D 

We shall give a fundamental covering lemma (for proper metric spaces). See chapter 
1 in [^ for the proof. 

Proposition 2.12. Let X be a proper metric space, A a subset of X , A a set, {xaJaga 
a collection of points in X and {r^JAeA ^ collection of positive numbers. We assume that 
for every x E A and e > 0, there exists A G A such that x G Br^{xx) and diamBr^{x\) < e. 
Then, there exists a countable subset Ai C A satisfying the following properties: 

1. {By.^ (^^aJJaigAi 0^6 pairwise disjoint collection. 

2. For every finite subset A2 C Ai, we have 

^\ U Br,^{Xx,)C [j 55,, (Xa). 
A2eA2 AgAi\A2 

We shall recall the definition of measured Gromov-Hausdorff convergence by Fukaya, 
first. Let {Z,Zi) — )■ (Zoo,-2oo)- For a sequence of Radon measure Vi on Zi, we say that 
{Zi,Zi,Vi) converges to (^00, -^oc'^oo) iiT' the sense of measured Gromov-Hausdorff topology 
if 

lim Vi{Br{Xi)) = Voo{Br{Xoo)) 

i— >oo 

for every r > 0, Xqo G Z^o and sequence Xi G Zi satisfying Xj — )■ x^o- Then we de- 
note it by {Zi,Zi,Vi) — )■ {Zoo,Zoo,Voo). We introduce a following fundamental result for 
precompactness of measured Gromov-Hausdorff topology. See |7, Theorem 1.6] or [30] . 

Proposition 2.13. Let {{Zi,Zi,Vi)}i be a sequence of pointed proper geodesic spaces 
with Radon measure Vi. We assume that Vi{Bi{zi)) = 1 and that for every R > there 
exists K = K{R) > 1 such that Vi{B2r{xi)) < 2^Vi{Br{xi)) for every 0<r<R, i^N 
and Xi G Zi. Then, there exist a subsequence {(Z„(j), 2;„(j),t;j)} and a pointed proper 
geodesic space with Radon measure {Zoo,Zoo,Voo) such that {Zn{i)^Zn{i),Vi) converges to 

Next, we will give a relation between the measure of limit set and the limit of measures 
of sets: 
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Proposition 2.14. Let {{Zi,Zi,Vi)}i be a sequence of pointed proper geodesic spaces 
with Radon measure Vi and Ai a Borel subset of Zi. We assume that Vi{Bi{zi)) = 1, A^o 
is compact, {Zi,Zi,Vi) — )■ {Zoo,Zoo,Voo), lini supj^o^ Aj C A^o and that for every R> 
there exist K = K{R) > 1 such that Vi{B2r{xi)) < 2^Vi{Br{xi)) for every < r < R, 
i G N and Xi & Zi. Then we have 

Urn sup Vi{Ai) < v^{A^). 

i—^oo 

Proof. By Proposition 12.121 there exists a pairwise disjoint collection {_Brj(xj)}jgN 
such that Xj e A^, < Vj « 1 and A^o \ Ui=i^n(a;i) C [j'^N+i^^rA^i) for every 
A^. We fix e > 0. We take N satisfying ^^jy+i '^t»(-^n(^«)) < ^- By the assump- 
tion, we have Yl't^N+i'^^i-^^ni^d) < 2^^^^^e. We consider an open covering {i?s,.(|/.j)} = 
{B{i+e)rXxi)}i=i,...,N U {55(i+e)n(a;i)}i>Af+i oi A^c- By compactness of A^o, there ex- 
ists a finite subcollection {-Btj(-2i)}i=i,...,z of {BsXVi)}, such that A^o C IJi=i -^ti(-^«) ^^^ 
\voo{Aoo) — J2i=i '^ooiBf.^Zi))] < \E'(e; K). There exists Tq > such that Tq << min{tj; 1 < 
j < 1} and that 5^-0(^00) C [Ji=iBt-{zi). We take r > and a sequence Zi{j) G Zj 
satisfying that t < tq and that Zi{j) — )■ Zi. Then since (pi{Ai) C i?T-o(^oo) for every suffi- 
ciently large i, it is easy to check that Ai C IJ)=i Btj+T{.Zj{i)) for every sufficiently large 
i. Therefore we have Vi{Ai) < X]i=i ^«(-^tj+T(-2j(0))- Thus, 

I 
limsupt;oo(^i) < ^v^{Bt^+r{zj)). 

By letting r — )■ and e — )■ 0, we have the assertion. D 

Proposition 2.15. Let {{Zi,Zi,Vi)}i be a sequence of pointed proper geodesic spaces 
with Radon measure Vi. We assume that Vi{Bi{zi)) = 1, diamZoo > 0, {Zi,Zi,Vi) "-4' ' 
{Zoo, Zoo,Voo) and that for every R> 0, there exist K = K{R) > 1 such that Vi{B2r{xi)) < 
2^Vi{Br{xi)) for every 0<r<i?, iGN and Xi & Zi. Then, we have 

lim sup \Vi{Br{Xi)) - Voo{Br{4>i{Xi)))\ = 

'■^'^ XieBR{zi),0<r<R 



for every R> 1. 



Proof. By the assumption, it is easy to check that radZoo > 0. Here radX = 
infa.2gx(sup^^gx 3^1, 3:2) for metric space X. We put K = K{100R). We take < r << 
radZoo. Then, by the definition, there exists N satisfying that for every N < i < 00 and 
w G Zi, there exists w E Zi such that w,w = t. Since B^{w) C Bt.+t{w) \ Bt--j-{w), by 
PT| Lemma 3.3] (or [4, Proposition 6.12]), there exists < f << r such that for every 
N < i < 00, w & Zi and < t < f, we have 



ViiBtiw)) < ^{t;K,R)v,iBior{w)). 
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Therefore, for every e > 0, there exists A^^i G N and < ri << minji?, f, e, 1} such 
that for every iVi < i < oo, < s < ri and z G Bji{zi), we have Vi{Bs{z)) < e. We 
take {xj}j=i,...,z C Br{zoo) and {tj}j^^t C [0,R] satisfying Bj^{zoo) C Uj=i ^en(a;j) 
and [0,-R] C IJi=i -^<:n(^i)- We take Xj{i) G B^^Zi) satisfying that Xj{i) — )■ Xj. There 
exists N2 > Ni such that \vi{Bt,{xj{i))) — Voo{Bt.,{xj))\ < e. for every i > N2, j = 1,... ,/ 
and j = 1,... ,/. Then, for every z G Br{zoo) and s G [ri,-R], we take j G {1,... ,/} and 
j G {1,... , /} satisfying 'z^ < eri and |s — h] < eri. Then by [21], Lemma 3.3], 

(1) \Voo{Bs{z)) - Voo{Bt.{Xj))\ < Voo{Bs+5eri{z)) - Voo{Bs-5eri{z)) 

(2) <^ie;K,R,T)v^{BR{z^)). 
On the other hand, for a sequence z{i) G Bn^Zi) satisfying z{i) — )■ z, 

(3) |t;i(5s(2;(i))) - Vi{Bu{Xj{i)))\ < Vi{Bs+10eri{z{{))) - Vi^Bs^lOerA^i^))) 

(4) <^{e;K,R,T)v,{BR{z,)) 

(5) <^(e;ir,i?,r)t;o,(5^(^„,)) 

for every i > A^2- Thus, we have 

\vi{Bs{z{i))) - VooiBs{z))\ < ^>{e-K,R,T)v^{BR{z^)). 

Therefore, we have the assertion. D 

We remark that an assumption diamZoo > of Proposition 12.151 is necessary. For 
example, consider a sequence S"(r) — > {p} as r — > 0. Here S'^(r) = {x G R*^"*"^; |x| = r}. 

Proposition 2.16. Let {{Zi,Zi,Vi)}i be a sequence of pointed proper geodesic spaces 
with Radon measure Vi. We assume that Vi{Bi{zi)) = 1, {Zi,Zi,Vi) "->' ' {Zoo, Zoo,Voo) 
and that for every R> 0, there exist K = K{R) > 1 such that Vi{B2r{xi)) < 2^Vi{Br{xi)) 
for every 0<r<R, i^N and xt G Zi Then we have 

hm / / o (f)idvi = / fdvoo 



^— )-oo 



for every f G C°(Zoo). 

Proof. We put A = supp/ and fix e > 0. We take R > 1 satisfying A C Br{zoo) 
and put K = K{100R). For every x G Z^o, we take r{x) > satisfying that for every 
w G Br[x){x), we have f{w) = f{x)±e. By Proposition l2.12[ there exists a pairwise disjoint 
collection {i?.,.-(a;.j)}j such that Xi E A, < r^ « min{r(xj),e} and K\ IJj=i -^^(a^j) C 
U^7v+i^5n(a;j) for every N. We take A^ satisfying E^tv+i ^oo(5n(a;i)) < e. By the 
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assumption, we have X]i^Ar+i'^oo(-B5ri(xi)) < \&(e; K). We take Xj{i) G Zi satisfying that 
Xj{i) — )■ Xj. Then we have 



/ / o (f)idvi = y2 

Jz, -^ JE 



f o (f)idvi ± 



j = i ' Br^{Xj{i)) 



^AUf=iB.,(x,(i)) 



/ o (t)idv. 



Z^\\Jf^lBrAx,(^)) 



We also have 

(6) 

(7) 

(8) 

By Proposition I2.14[ we have 



/ o (pidv. 



f O 0iO?1^i 



C'(^)\Uf=iBr,(^iW) 

N 

<snp\f\v,{<pr\A)\[JBr^{x,{z)) 



Af 



<snp\f\v,i<l>i\A)\\jBr,ix,it))). 



AT 



(9) hmsupi;i(0-^(A) \ |J Br^{xj{^)) < Voo{A \ [j Br^{xj)) 



(10) 



< 5^ t;oo(55.,(x,))<^(e;i^). 

i=N+l 



Therefore for every sufficiently large i, we have 



(11) 
(12) 
(13) 

(14) 
(15) 



N 



Zi 



f o (f)idvi = Y,(f(^j) ± e)vi{Br^{x,{t))) ± ^(e; K, sup |/|) 

= 5^(/(x,) ± e)t;oo(5., (x,)) ± ^{e; K, sup |/|, i?) 
= / /t/t;oo±^(e;i^,sup|/|) 

fdv^ ± / l/Mt^oo + ^(e; ^, sup I/I) 

/ /t/t;oo±*(e;i^,sup|/|). 
Jz, 



Therefore we have the assertion. 

In section 4, we will generalize Proposition 12.161 See Proposition 14.131 



D 
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2.3 Riemannian manifolds and its limit space 

First, we shall introduce a very powerful gradient estimates for harmonic functions on 
manifolds by Cheng- Yau. This estimate is used in this paper many times. We fix n > 2. 

Theorem 2.17 (Cheng- Yau, [13]). Let K be a real number, R a positive number, M 
a complete n-dimensional Riemannian manifold with Ricjv/ > K{n — 1), m a point in M 
and f a nonnegative valued harmonic function on Bnim). Then, we have 

R{R\K{n-l)\ + l) 



\Vf\{x)<C{n)f{x) 



i?2 — rn,x^ 



for every x G Bii{m). 



Next theorem is a fundamental result for the study of Gromov-Hausdorff convergence 
of Riemannian manifolds: 

Theorem 2.18 (Bishop-Gromov, [35]). Let K be a real number, M a complete n- 

dimensional Riemannian manifold with RIcm > K{n — 1) and m a point in M. Then we 

have 

vol Brim) vol B^im) 



vol Br (p) vol Bg (p) 

for every < r < s. Here, p is a point in the n-dimensional space form M^ whose 
sectional curvature is equal to K . 

As a corollary of Theorem 12.181 if a sequence of pointed n-dimensional complete Rie- 
mannian manifolds with renormalized volume {(Mj,mj,yol)} satisfy RicAf, > K{n — 1), 
then the sequence satisfies the assumption of Proposition 12. 131 Here renormalized volume 

means 

vol 
vol 



vo\Bi{mi) 

For a real number K and a pointed proper geodesic space {Y,y), in this paper, we say 
that {Y,y) is [n, K)-Ricci limit space if there exist a sequence of real numbers {Ki} and 
a sequence of pointed n-dimensional complete Riemannian manifolds {(Mj,^^)} with 
RicMi — -^i(^ ~ 1) such that Ki ^ K and {Mi,mi) — )■ {Y,y). Then, we often call 
(Y,y) a Ricci limit space of {(Mj,mi)}. Similarly, for a pointed proper geodesic space 
with Radon measure (Y,y,v), we also say that (Y,y,v) is (n, i^)-Ricci limit space if 
there exist a sequence of real numbers {Ki} and a sequence of pointed n-dimensional 
complete Riemannian manifolds {{Mi, rrii)} with RIcm^ > Ki{n—1) such that Ki ^ K and 
(Mj,mj,vol) — !■ (Y,y,v). More simply, for (n, — 1)-Ricci limit space (Y,y) (or (Y,y,v)), 
we say that {Y,y) is Ricci limit space. See section 4.1 in [65]. We shall fix a Ricci limit 
space {Y, y, v) in this subsection and give a very short review of structure theory of Ricci 
limit spaces developed by Cheeger-Colding below. See [TJ El [9] for the details. 
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We shall give an important notion called tangent cone to study Ricci limit spaces: 
For pointed proper geodesic spaces {Z,z) and (X, x), we say that {Z,z) is a tangent 
cone of X at x if there exists a sequence of positive numbers {tj} such that r, — )■ and 
{X,x,r~^dx) — )• iZ,z). For k > 1, we put TZkiY) = {x eY; All tangent cones at x are 
isometric to R'^} and call it k- dimensional regular set. More simply, we shall denote it by 
TZk- We also put 7^ = IJi<A,<n^fc ^^"-^ '^^^^ ^^ regular set. Next theorem is an important 
properties for Ricci limit spaces: 

Theorem 2.19 (Cheeger-Colding, [7]). We have v{Y \ 7^) = 0. 

For (5,r > and < a < 1, we put (7^fc)^,r = {x G Y;dGH{(Bs{x),x), (5,(0fc),0fc)) < 
6s for every < s < r} and {nk-a)r = {x E Y;dGHi(B six), x), (5,(0fc),0fc)) < 5^+" for 
every < s < r}. Here 0^ G R'^. By the definition, we remark that these set are closed. 
It is easy to check that n<5>o(Ur>o(^fc)<5,^) = "^fc- We also put 7^fc;a = [Jr>o(J^k;a)r- By [71 
Theorem 3.23] and [7| Theorem 4.6], there exists < a{n) < 1 such that v{lZk\Tlk-^a{n)) = 
0, V is Ahlfors /c-regular at each point in TZk;a(n) for every k. Next, we shall introduce an 
important result for rectifiability and Poincare inequality on Ricci limit spaces: 

Theorem 2.20 (Cheeegr-Colding, [9]). Y is v-rectifiable, {Y,v) satisfies weak (1,2)- 
Poincare inequality. 

More strongly, they proved that segment inequality on Ricci limit spaces holds. (We 
do not give the definition here. See |9j, Theorem 2.15].) Therefore we can construct the 
cotangent bundle T*Y of Y. Finally, for cut loci on Ricci limit spaces, we also remark 
that v{Cx) = for every x E Y. See ^21 Theorem 3.2]. These results above are used in 
section 3, essentially. 

3 Rectifiability on limit spaces 

In this section, we shall study a rectifiability of Ricci limit spaces. These results given in 
this section are used in section 4, essentially. 

3.1 Radial rectifiability 

The main result in this subsection is Theorem 13.171 

Lemma 3.1. Let Z be a proper geodesic space, z a point in Z, s,b positive numbers, 
V a Radon measure on Z and F a nonnegative valued Borel function on Bs{m). We 
assume that there exists K > 1 such that for every w E Bs{z) and < t < s, we have 
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< v{B2tiw)) < 2''v{Bt{w)), 

1 



Fdv < 6. 



v{Bs{z)) 7b^(^) 

Then, there exists a compact set K C 55/102(2;) such thatv{K)/v{Bg/iQ2[z)) > 1 — \I/((5; -ft') 
and that for every x & K and < t < s/10^, 

^ Fdv<m{5]K). 



v{Bt{x)) Jb,[^) 

Proof. Without loss of generality, we can assume that F is a nonnegative valued 
Borel function on Z by F = on Z \ 5,(2). We fix C > 0. We put Ai{C) = 
{w G Bs{z)] J^ ,.Fdv > Cv{Bs/ 102(10))} and take x\,...,xl_^ G Ai{C) which are 
an s/10-maximal separated subset of Ai{C). We also put A2{C) = {w E Bsim) \ 
\JlliB,{x]);jj^ ,^)Fdv > Cv{B,/io3iw))} and take x?,... ,xL G A2(C) which are 
s/lO^-maximal separated subset of Ai{C). By iterating this argument, we put Ai{C) = 
{w G 5,(m)\U^^^^_ <.<,,5,/io^-2(a;^^);/s . . Fc^vol > Cv{B,/io^+i{w))} and 

take x{,... ,x[^ G Ai{C) which are s/lO'-maximal separated subset of Ai{C). 

Claim 3.2. The collection {Bg/iQi+i{x^^)} are pairwise disjoint. 

We take w G B ^,^Qi_f_i{xl) Ci B s/ioi+i{x''j) . We assume that / < /. Then, by the definition, 

we have xi E M \ IJjLi -^s/io'-il^^j)- Especially, we have x{,x[ > s/lO''^^. Therefore, we 
have B^,^Qi+i{xl) fl Bs/iqi+i{x[) = 0. This is a contradiction. Therefore, we have / = /. By 
the definition, we have i = i. Thus, we have Claim [321 
It is easy to check the following claim. 

Claim 3.3. We have [j^^^AiC) C [jleN^<^<k,Bs/lo^Mxi) 

We have 

(16) 

(17) >CCin) J2 v{B^x\))>CC{n)v{ (J B^x\)). 



10'-^ V_^ IQI- 

«eN,l<j<A:j l&i,l<i<ki 



On the other hand, 



(18) E / Fdv= Fdv 



(19) < / Fdv < C{n)v{Bs{z))S. 

'Bs{z) 
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Therefore, we have 



By taking C = VS, K = Bg^io2{z) \ IJ/gn i<i<k ^ _ i^-i)- ^^ have the assertion. D 

Definition 3.4. let {Y,y,v) be a Ricci hmit space, k an integer satisfying k <n and 
r,6 positive numbers satisfying r < 1 and 6 < 1. Let (Jlk)^^, denote the set of points, 
w ^ Y such that for every < s < r, there exists a map $ from Bs{w) to R'^ such that 
TTi o $ = Tj^ and that $ gives an (5s-Gromov-Hausdorff approximation to Bs{^{w)). Here, 
TTi is the projection from R'^ = R x R*^^^ to R. 

Lemma 3.5. We have 

n(U((^^)v\a))=7^Aa. 

<5>0 \r>0 / 

Proof. It is easy to check that 



5>0 \r->0 / 



We take w G TZk \ C^- By the definition, for every 6 > 0, there exists r > such that for 
every < s < r, there exists an (5s-Gromov-Hausdorff approximation from {Bs{0k),0k) 
to {Bs{w),w). Here, -Bs(Ofc) C R'^. On the other hand, by sphtting theorem (see [U 
Theorem 9.27]), there exist a pointed proper geodesic space {Ws,Ws) and a map $ from 
{Bs{w),w) to {Bs{0,Ws), {0,Ws)) such that ttr o $ = r^ — ii^Ju and that $ gives an 6s- 
Gromov-Hausdorff approximation. Here, Bs{0,Ws) C R x Wg with the product metric 



'^R + ^Ws' ■""R- ^^ ^^^ projection from R x Wg to R. By rescahng s ^d^k and [HI Claim 
4.4], there exists an \1'((5; r2)s-Gromov-Hausdorff approximation / from {Bs{ws),Ws) to 
(-Bs(Oa;_i), Ofc_i). We define a map (? from Bgiw) to R^ by (y'(z) = (xTT, / o $). Let vr^ be 
the canonical retraction from R'^ to Bs{g{w)). We put ^f = TTgOg. Then, it is easy to check 
that g gives a \E'(5; ra)s-Gromov-Hausdorff approximation to {Bs{g{w)),g{w)). Since 6 is 
arbitrary, we have the assertion. D 

For every proper geodesic space X, a point x G X and a positive number r > 0, we 
put 

VI = {w E X; There exists a E X such that ct/w > r and zTW + W7a = x7a}. 

It is easy to check that V^ is a closed set. By the definition, we have 

[jvi = x\c^. 



r>0 
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Lemma 3.6. Let {Y,y,v) be a Ricci limit space, k an integer satisfying k < n, S,r 
positive numbers satisfying 6 < l,r < 1, x a point in Y and w a point in {TZk}^^ H 
'Leh{{TZk)s.r)\{Cx^{x}). Then, there exists ri{w) > satisfying the following property: For 
every < s < rjiyo), there exist a compact set L C Ba{w)n(lZk)5^r and points X2,X3,... ,Xk € 
Y such that v{L)/v{Bs{w)) > 1 — "^{S^n) and that the map $ = [rxjTx^,--- i^x^) from L 
to R^, gives (1 ± \E'(5; n))-bi-Lipschitz equivalent to the image ^{L). 

Proof. There exists < r < r such that v{Bs{w) fl (TZk) 5,r)/v{Bs{w)) > 1 - 5 for 
every < s < r and w G V^ \ B^-i^x). Let (Mj,mj, vol) — )■ {Y,y,v). We take Xi.Wi G Mj 
satisfying Wi -^ w, Xi ^ x. We fix < s << min{(5, r}. Then, for every sufficiently large 
i, there exists an (5s-Gromov-Hausdorff approximation $* = ($i,.- ? ^k) fro^^ {Bs{wi)iWi) 
to (-Bs(0fc),0fc) such that ^\ = r^^ —rxX'i^i)- We put sq = V5s. For convenience, we shall 
use the following notations for rescaled metrics SQ^dMi^s^^dy: vol = voP" '^*^', f^{a) = 
SoV^(a), Bt{a) = B^° "''{a) = Bsot{a), v = v/v{Bso{y)), g = SQ^g for a Lipschitz 
function g and so on. We also denote the differential section of g as rescaled manifolds 
{Mi,SQ^dMi) by dg : Mi ^ T*Mi and denote the Riemannian metric of {Mi,SQ^dMi) by 
{■r)so = So^{-,-)- We remark that (M^, m^, Sq Ma/,, vol"o"''^*^0 ^ (F,y, Sq ^dy, 0). The 
following claim follows from the proof of splitting theorem (see for instance [H Lemma 
9.8], H Lemma 9.10] and [3 Lemma 9.13]). 

Claim 3.7. For every sufficiently large i, there exist harmonic functions b* on BiQQ2[wi){j 
1,... ,/c), and points x''^ e B^-i{wi),{j = 2,... ,k)) such that \h''^-f^i\^^^-^ ^^^^^^ <^(5;n), 

1 /■ .... 

— — / \dh] - df■^^ Isgrfvol < ^(5; n), 

Vol5ioo2(Wi) ifiiooaK) ' 

and 

^—. / |HesSb« 1^0 ^vol < ^((5; n) 

for 1 < j,l < k. Here x = xj. 

We define a nonnegative Borel function Fi on BiQQ2(wi) by 

k k 

F, = 5^Lip(bi - f^.f + J2\{dKdH)so\ + $^(|HesSb.|,Jl 
1=1 i^j 1=1 

By Lemma \3A] there exists a compact set Ki C -Bioo(wj) such that vol-ft'j/vol-Bioo(wj) > 
1 — \1'(5; n) and that for every a E Ki and < t < 100, we have 



I / Fidvo\<'^{S;n). 



Y0\Bt[a) JBt(a) 

21 



Claim 3.8. For every sufficiently large i, a E Kir\B^Q{wi) and < t < 50, there exists 
a constant CUj = 1,... , A;) such that b* = r^i + C* ± \I/(5; n)t on Bt{a) for j = 1,... , k. 

The proof is as follows. By Poincare inequality, we have 



dvol 



(90) 


1 / 


(W f A / (W 


-f^prfvol 


[ZU) 


V0\]3t{a) JBtia) 


' vol Bt{a) J Bt{a) 


(21) 
(22) 


'^ fr'f'n] 1 1 fT^i^fUi ^ ^^2^,.^1 




<t^{6;n). 


t(a) JBt(a) 





For C > 0, Let Aj{C), denote the set of points /3 G Bt{a), such that 

1 



(b;.(/3)-f,,(/3)) 



Then, we have 



(23) ^{S;n)t> 

(24) > 

(25) > C 



1 



V0li?t(«) Jstia) 
1 



V0li?i(a) JBtia) 



[b} -f,0- 



(b* — f^r)dvo\ 



>C. 



1 



voli?t(a;) Jaj{c) 
vo\Aj{C) 
vol Bt( a) 



JOj — f^i) — 



1 



V0li?i(a) JBtia) 



(b}-f,prfvol 
(b* — r^z)dvo\ 



dvol 



dvol 



Therefore, for above "^{6; n), if we put C = ^/'^{d; n)t, then we have 

volA(C) , 

voli?t(a) 

Here, we assume that B^tiP) C Aj{C) for some [5 G Bt{a) and e > 0. Then, by Bishop- 
Gromov volume comparison theorem, we have 

c(„),» < i^fiW < iw < y^(^. 



l/n 



a con- 



vol-Bf(Q;) voli?((a) 

/ \ i/n. 

Therefore, for C{n) above, if we take e = (2C(n)^^A/^(5; n) j , then we have 

tradiction. We put e = ( 2C(n)"^A/\I^(5; n) j . We take /3 G Bt{a). We also take 

/3 G i?(i_e)t(tt) satisfying r/3(/3) < et. Then, there exists 7 G B^t{,P) \ Aj{C). Thus, we 
have 7 G Bt{a). By the definition of Aj(C), we have 



bU7)=^.':(7) + 



— — / (b} - f^r)dYo\ ± v^^((5;n)t. 

vol5ioo(a) isiooH ' 



3100 (a) 
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By Cheng- Yau's gradient estimate, we have |Vb*|s(, < C{n). Thus, we have 
b;(/3) =f,,(/3) + -.-J— - / {h]-r,.)dvo\±m{e-n)t. 

' Vol5ioo(a) ^BlOo(a) 

Therefore we have Claim [3l8l 

By an argument similar to the proof of P, Theorem 3.3], we have the following: 

Claim 3.9. For every sufficiently large i, a E Ki n B^o{wi) and < t < 10~^, 
there exist a compact set Zt C Mi, a point Zt G Zt and a map (p from {Bt{a),a) to 
{Bt{zt),zt) such that the map $ = (b*^,... ,%,0) from Bt{a) to _Bt+^(5;„)j) ($(«)) C (R'^ x 



Zt, \ d'Lj, + [sf)~^dMiY), gives "^ {6; n)t-Gromov-Hausdorff approximation. 

We put Ki = Ki n B^Q^Wi). Then, we have vol-ft'j/voli?4o(wi) > 1 — \l'((5;n). By 
Proposition 12. 10[ without loss of generality, we can assume that there exist a compact set 
Koo C B4q{w) and points xf e Y{2 < j < k) such that x* -)■ xf and Ki -)■ i^oo- By 
Proposition 12.141 we have v{Koo) /v{B4^o{w)) > 1 — "^{S^n). 

On the other hand, by Proposition 12. 9[ Claim 13.81 and 13. 9[ for every a G K^o and 

< t < 10~^, there exist a compact metric space Z^o, a point 2:00 G Z^o and a map (p 
from {Bt{a),a) to {Bt{zoo),Zoo) such that the map = {f^,f^^,... ,fr,^,(f)) from Bt{a) to 
-Bt+*(5;n)t(0(tt))! gives an \E' ((5; n)t-Gromov-Hausdorff approximation. 

We put Koo = K^ n {Tlk)5,T n BiQ-iOso{w)- Then, we have v{k^)/v{BiQ-WsQ{w)) > 

1 — \l'((5;n). On the other hand, for every a G K^o and < t < 10^^, if we take 
(p, Zoo, Zoo as above, then, since a G {'R-k)6,r, we have diamZoo < '^{6;n)t. Especially, 
the map / = {r^,r^^,... ,f^^) from Bt{a) to Bt+q,(S;n)t{f{a)), gives an *(5; n)t-Gromov- 
Hausdorff approximation. Especially, for every a,/3 G K^o satisfying a 7^ /3, if we put 
< t = ra(/3) < 10"^, then we have 



\ 



{x,a'o '^y 


k 




1=2 


-xr,r 'f = a,r ±'^{6-n)t 






= {l±^{5-n))a,p '" 



Therefore, we have the assertion. D 

Lemma 3.10. Let {Y,y,v) be a Ricci limit space and x a point in Y. Then, there 
exist a collection of compact subsets {C^'j}i<fc<n,ieN of Y and a collection of points 
{^fc j}2<KA:<n,JGN ^ Y Satisfying the following properties: 

^- UieN C'fc.i C ^fe for every k. 

2. viTZk \ UieN C'k,i) = for every k. 
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3. For every z G IJieN ^ki '^'^^ < (5 < 1, there exists C^^ such that z E C^^ and the 
map $^ j = (ra;,r^2 ,... ,r^fe ) from C^^ to R'^ gives (1 ± 6)-bi-Lipschitz equivalent to 
the image $fc^i(C^j). 

Proof. We put 



miGN \m2eN 



A:) 1/mi, 1/7712) \ i^x U {x}) . 



Claim 3.11. We have Ak C TZk and v{TZk \ Ak) = 0. 
The proof is as follows. For 

^'^ = n ( U (T^kTl/m^l/rn, ^ {T^k)l/m„l/m, \ (C. U {x}) 
mi6N \m2eN 

by Proposition 17. 5^ we have, A^ C B^, v{Bk \ A^) = 0. On the other hand, by Lemma 
13. 5[ we have Bk = TZk \ {Cx U {x}}. Since v{Cx) = 0, we have Claim [STTTl 

For every z G Ak and A^ G N, we take m2 = m2{z,N) satisfying z G (J^k)i/]\f 1/^2 ^ 
Leb((7^fc)i/Af,i/m2) \ {Cx U {x}). By Lemma ESI there exists ri{z,N) > such that for 
every < s < ri{z,N), there exist a compact set L{z,s,N) C Bs{z) fl {'JZk)i/N,i/m2 and 
points 0:2(2, s,A^),..., Xfc (2;, s,A^) G F such that i;(L(2:, s, A^))/t;(55(2;)) > l-^(A^"^;n) 
and that the map ^z,s,n{'w) = (xT/w, X2{z, s, N), w,... , Xk{z, s, N), w) from L{z, s, N) to R'^, 
gives (1 ± \E'(A^~"^; n))-bi-Lipschitz equivalent to the image ^z,s,n{L{z, s, N)). We fix i? > 
1. By Lemma [2.121 there exists pairwise disjoint collection {BgN.R{z^ ' )}jeN such that 
zf -^ G A, n 5^(1/), < sf -^ < r7(2f •^, iV)/100 and that Ak r^Bniy) \ \Jli ^,iv,«(^f '^) c 
U::^^+i B^^N.n{zf^'') for every m. We put L{i, iV, i?) = /.(^f '^, 5sf '^, iV) n aJh ^^(y) C 
AknBR{y). 

Claim 3.12. t;(Afc n BR{y) \ U^>iVo,7eN ^(^> ^> R)) = M e^ery A^o G N. 
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Because, for every N > Nq, we have 

(26) vlAknBn{y)\\jL{t,N,R) 

(27) < t; ( U (5,^^,.(^f '«) nA,n Bniy)) \ [j (i:(zf •^, 5.f '^, iV) n A, n 5^(y)^ 

VieN i 

(28) < $:t.(5,,^,.(.f'^) \L(.f'^5.f'^iV)) 

(29) <vl/(iV-V)E^(^5.f-(^f''')) 

(30) <xI/(iV-V)5^t;(i?,.,.(zf'^)) 

ieN 

(31) <^{N-^-n)v{B^n{y)). 

Therefore, by letting A^ — )■ oo, we have Claim l3T2l 

By Claim Eia we have v{Ak^Bnky) \ [\^^{\}^^^^^^,^^L{i,N ,K))) = 0. We put 
E{i, N, R) = L{t, N, R) n n7VoeN(U7v>7VojeN Hj, N, R)). Then, we have v{Ak n Bniy) \ 
[j^j^^^E{i,N,R)) = 0. For every z G [j^ ^^^^ E{i, N, R) and < 5 < 1, we take 
i,N e N satisfying z G E{i,N,R). We also take Nq e N satisfying Nq^ « 6. 
Then there exist N > Nq and i G N such that z G L{i,N,R). Then, the map 
(p{w) = [x,w,X2{z-: ,s~ j,w,... ,Xk{Z'. ,s~ j,wj from L[z~. ,s- ,i\j to R , gives 
\1'(A^~^, ra)-bi-Lipschitz equivalent to the image. Especially, the map gives (1 ± 6)-hi- 
Lipschitz equivalent to the image. We remark that L{i, N, R) C L(z, ' , s- ' , N) and 
zeL{lN,R)nf]i^M,>i,p&f^L{P,J,R)) = EilN,R). Therefore, if we put X2(^, iV, /2) = 
X2{z- ' , Sj ' , i?),... , Xk{i, N, R) = Xk{z^ ' , Sj ' , -R), then we have the following claim: 

Claim 3.13. For every z G [j- j^^^ E{i, N, R) and < 5 < 1, there exists E{i,N,R) 
such that z G E{i,N,R) and that the map (piw) = {x, w, X2{i, N, R),w,... , Xk{i, N, R),w) 
from E{i,N,R) to R^, gives (1 ± 6)-bi-Lipschitz equivalent to the image. 

By Claim 13.131 it is easy to check the assertion. D 

Lemma 3.14. With same notaion as in Lemma \3.1(K let {P^j jjgN be a collection of 
Borel subsets of C^^ satisfying v{C^^ \ Uign'^Mj) ~ '-'■ Then, there exists a collection 
of Borel subsets {£k,i,j} '^'"c/i that £^-j C 'D't^^j, v{Vl^- \ Ek.i.j) = ^'^^ ^hat for every 
k, z E UiieN^fc,i,j ^'^'^ < 5 < 1, there exists £k,i,j ^^^^ ^^^^ ^ ^ ^k,i,j ^'^^ ^^'^^ ^^^ 
map ^ki j ~ (^"^5 ''"a;2 . V 5 ''"x* .) ff^om £^- ■ to H} gives (1 ± 6)-bi-Lipschitz equivalent to the 
image ^l^jiSl^j). 
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Proof. We fix 1 < /c < n. For every M G N, we put Bm = {« G N; the map 
= {rx,r^2 ,...,r^k ) from C?. to R'^, gives (1 ± M^^)-bi-Lipschitz equivalent to tlie 
image } and S^^^^ = V^-^^ n ^MeN(U^eBMJeN^fc,^,i)• 

Claim 3.15. i;(P,-,,^.\^fc%)=0. 

Because, by Lemma EHOl we have IJieN^M ^ flAfeNdJieBM ^fc.*))' ^'^ ^'^^ other 
hand, it is easy to check that flMeNdJieKM ^fe,*)) "^ UjeN^fe,r Therefore, we have 
nMeN(U.eB„ ^m)) = U.^nQ:.- Thus, v{Vll^ \ Sl,^^) = v{Vl^^] H [j^^^Cl, \ Sl,^^ = 
viK,, n riM^^n^B,,Cld \ SI,,) = viVl,, n ^Me^UeB^^.e^'^li,) \ ^h,) = 0. 
Therefore we have Claim [3TT51 

Claim 3.16. For every z G UijeN^Mj '^'^'^ < 6 < 1, there exists £k,i,j ^^^^^ ^^^^ 
z G £kij and that the map cf) from £^^j to R^ defined by (p = {rx,r^2 ,...,r^k ) gives 
(1 ± 6)-bi-Lipschitz equivalent to the image. 

Because, we take M G N and z,j G N satisfying M"^ « 6 and z G £k,i,j- By the 
definition, there exist A^o ^ ^m and A?"! G N such that z G ^^ at^ ^r-^- Therefore, we have 
^ e ^fc,iVo,7Vi ^nMeN(UeB^^jeN^fc,i,p = ^fc,7Vo,Wi and the map (p = {r^,r^2^^,... ,r^kj from 
^k,NQ,Ni to ■f^'^' gives (1 ± Af"^)-bi-Lipschitz equivalent to the image. Therefore, we have 
Claim [311 

Thus, we have the assertion. D 

The following theorem is the main result in this subsection. See Appendix 7.4 or (2.2) 
in [8] or |l2l Definition 4.1] for the definition of the measure v^i. 

Theorem 3.17 (Radial rectifiability) . Let {Y,y,v) be a Ricci limit space satisfying 
Y 7^ {y} and x a point in Y . Then, there exist a collection of Borel subsets {C^ j}i<fc<n,jeN 
ofY , a collection of points {xj, j}2<Kfc<n,jeN ofY , a positive number Q < a{n) < 1 and a 
Borel subset A of [0, diamy) such that the following properties hold: 

3. For every C^^ and z G C^^, we have limr^o^(-Sr(2;) fl C^^)/v{Br{z)) = 1. 

4- For every C^^, there exists A^j > 1 such that (A^ J^-*^ < v{Br{z))/r^ < Al^ holds 
for every z & C^^ and < r < 1. 

5. The limit measure v and k-dimensional HausdorfJ measure H^ are mutually abso- 
lutely continuous on C^^. 
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6. For every z G UieN^fe « '^^'^ < S < 1, there exists C^^ such that z eC^^ and that 
the map $^ ^ = (r^;, r^2 ,... , r^k ) from C^^ to R*^ gives (1 ±6)-bi-Lipschitz equivalent 
to the image $fc^j(C^j). 

7. i7i([0,diamy)\A) =0. 

5. For every R E A, the collection {dBji{x) n C^j} C OBr^x) \ Cx satisfies following 
properties: 

(a) v^, {{dBnix) \ C,) \ Ui<.<„,eN Q.) = 0- 

(h) For every dBji{x) fl C^^, there exist B^,- > 1 and r^^ > such that (B^-)^^ < 

v_i{dBR{x) n Br{z) \ Cx)/r^~^ < v^i{dBnix) n 5^(^))/r^-i < B^- for every 

z e dBji{x) n Qj and < r < r^-. 

fcj For every z G UieN(^-^-R(^) I"' ^ki) '^^'^ < 5 < 1, i/iere exzsfo OBr^x) fl 
C^j sttc/i t/ifli z G dBji{x) n C^j and i/iai i/ie majj <l>^^ = (r2,2 ,... , r^* ) 
from dBji{x) H C^j to R'^^"'^, gives (1 ± 6)-bi-Lipschitz equivalent to the im- 
age^l,{dBR{x)nCl,). 

Especially, dBji{x) \ C^ is v^i-rectifiable. 

Proof. First, we shall prove the following claim: 

Claim 3.18. For every R > 0, z e Br{x) \ {x} and < e < min{z7x/100, 1}, we 
have v^i{dBx;^{x) nB,{z)) < C{n)v{B,{z))/e. 

Because, by |143i Corollary 5.7], we have 

VO\dBx;^{p) ~ vol Ax;s_2e,x;z{,p) 

Here Cx{A) = {z E Y; there exists a E A such that x, z + z, a = z, a} for every subset 
A of Y. On the other hand, by triangle inequality, we have Cx{dBx;z(x) fl B^(z)) fl 
Ax;z-2e,x:z{x) C Biooe{z). Thus, we have 

i;_i(9S^(x) nB,{z)) < 7]*^^^^"! M Biooeiz))Cin) < C{n,R)-v{B,{z)). 

vol Ax;s_2e,x;z{p) C 

Therefore, we have Claim 13.181 

We take collections of Borel sets {C^j} and of points {a;|.j} as in Lemma [3.101 By 
Lemma [3.141 without loss of generality, we can assume that for every C^^, there exists 
r > such that C^^ C 'Dl\ Bt-{x). Moreover, by [9l Theorem 3.23] and [9l Theorem 4.6], 
we can assume that for every C^^, there exists A^^> \ such that for every < r < 1 and 
z G C^j, we have {A^^~^ < v{Br{z))/r^ < AI-. By Proposition 17.51 we can also assume 
that for every C^^ and z G C^' j, we have limr_s.o v{Br{z) fl C^j)/v{Br{z)) = 1. 
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Claim 3.19. Let {Y, y, v) be a Ricci limit space, x a point inY , t,R positive numbers 
satisfying < t < 1, R > 1, and z a point in V^. fl B^{x) \ -B^(x). Then, we have 
v{dB^{x) n B,{z) \ C^) > C{n, R)v{B,{z))/t for every < e < r/100. 

The proof is as follows. We take w eY satisfying 'z/Ui = e/100 and x^ + z:/w = Ix/w. 
By jl3t Theorem 4.6 ], we have 

^(^T^H) < c{r^y~^ i^^^B^.^^)) n dB^{x)) 



Yo\A^;jr^+^{p) voldB^p) 

By triangle inequahty, we have Cx{B^/iooo{w)) fl dBx;z{x) C dB^^^x) fl B^{z). Thus, by 
Bishop- Gromov volume comparison theorem for v, 

vol dB^{p) 
' vol A^^:!^+^{p) 



(32) v.iidB^ix) n B,iz) \ a) > Cin)—^^^^^^^viB,/,oooiw)) 



(33) >Cin,R)-^v{B^{w)) 

(34) >C{n,R)-^v{B,,{w)) 

(35) >C{n,Rf-^^. 

Therefore we have Claim [3TT91 

By Claim [3A8] and [3?T9l for every C^^, there exist B^^> 1 and t^j > such that for 
every z e Q'j and < r < r^-, we have {B^-y^ < v{dB^x) fl Br{z) \ C,j)/r^ < B'l^. 
We put A = {t e [0,diamy);t;_i(95t(x) \ UCfc,J = 0}. Since viY \ UQ,J = 0, 
by |l3l Proposition 5.1] and |l3l Theorem 5.2], we have, A is iJ^-Lebesgue measurable, 
iJ^([0, diamy) \ A) = 0. Since t; is a Radon measure, there exists a Borel set A C A such 
that H^{A \ A) = 0. Thus we have the assertion. D 

3.2 Calculation of radial derivative for Lipschitz functions 

The purpose in this subsection is to calculate the radial derivative of Lipschitz functions: 
{drx,df) explicitly. The main result in this subsection is Theorem 13.331 

Lemma 3.20. Let {Y,y) be a Ricci limit space satisfying Y ^ {y}, z a point in Y\Cy, 
f a Lipschitz function on Y , t a positive number and 7^ an isometric embedding from 
[0,y^+ t] to Y satisfying 7i(0) = y and •jiilj^) = z{i = 1, 2). We put fi = / 07^. Then, 
we have lipfiilj^z) = Iipf2ijj7z) and Lip/i(y7z) = Lip/2 (yTz). 

Proof. For every real number e satisfying < |e| << r, by splitting theorem (see 
[U Theorem 9.25] or [6l Theorem 6.64]), we have 71(^7^ + e), 72(0^ + e) < \l/(|e|; n)|e|. 
Therefore, we have 

|/o7i(x7^+e) -/o7i(x7z)| ^^ |/o72(x;g + e) -/o72(x7T)| ^. .^/.i x 
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Thus, we have Lip/i(j/,2;) < Lipf2{y,z) and lipfi{y,z) < lipf2{y,z). Therefore we have 
Lip/i(^7^) = Lip/2 (^7z) and lipfiiyTz) = Iipf2{y7z). U 

We shall give the following definition: 

Definition 3.21. Let {Y,y) be a Ricci limit space, z a point in y \ C^, r a positive 
number, 7 an isometric embedding from [0,^7^+r] to Y satisfying 7(0) = y and 'j{y7z) = 
z. We put F = / o 7. Then, we put lip'y'^f{z) = lipF{y^) and Lipy'"^f{z) = LipF{y^). 

Theorem 3.22. Let {Y,y,v) be a Ricci limit space, x a point in Y and f a Lipschitz 
function on Y . Then, we have the following: 

1. Upf{zf = Ufff{zf + Up{f\aB^^,)){zf for a.e. z e Y. 

2. Uvf{zf = Lipl^" f{z)' + Lip(/|aB^(.))(^)^ for a.e. z e Y. 

3. Lip(/|aB_(^))(2;) = lip{f\9B^^^)\cJ{z) for a.e. zeY\ C^. 
Proof. First we shall remark the following: 

Claim 3.23. Let f be a Lipschitz function onH!'. Then, we haveLipflz)"^ = (Lip(/|R,x{22,.-,Zfc})(2^))" 
+ (Lip(/|{^i}xRfe-i)W)^ = ilipif\Rx{z2,...,z^})iz)f + ilipif\{z,}x-R^-i)iz)f = lipf{zf for 
a.e z = (zi,... ,Zk) e R^. 

Because, by Rademacher's theorem for Lipschitz functions on R'^, the function / is 
totally differentiable at a.e z G R'^. Therefore we have Claim [3^231 
The next claim is clear: 

Claim 3.24. Let Zi be metric spaces {i = 1,2), 6 a positive number with < 6 < 1, 
and $ a map from Z\ to Z^ satisfying ^{Zi) = Z2 and (1 — 6)xi,X2 < $(xi),$(x2) < 
(1 + 5)xi,X2 for every Xi, X2 ^ Z\. Then, for every Lipschitz function f on Z2, we have, 
(1 - vl/(5))Lip/($(^i)) < Lip(/ ° '^)(^i) < (1 + ^((5))Lip/(;2i), (1 - ^miipf{^{z^)) < 
lip{f o ^){zi) < (1 + '^{6))lipf{^{zi)) for every zi e Zi. 

We will give a proof of the following claim in appendix. 

Claim 3.25. For every Lebesgue measurable A C R'^, we put sli — LebA = {a = 
(ai,... ,afc) e A;\imr^oH''-^{{ai} xBr{a2,...,ak)r]A)/H''-^{{ai} xBr{a2,...,ak)) = 1}. 
Then we have the following: 

1. The set sli — LebA is a Lebesgue measurable set. 

2. For every t G R, H''-^{A n {t] x H!"-^ \ sh - LebA) = 0. 

3. H^{A\sli-hehA) =0. 
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We put L = Lip/. We take collections of Borel sets {C^j}i<fc<n,JGN and of points 
{^L j}2<fc<n,ieN,2<Kfc as in Theorem 13.171 We fix a sufficiently small 6 > and Ck^i 
satisfying that the map $^ ^ = {r^, r^2 ,... , r^fc ) from C^^ to R'^, gives (1 ± (5)-bi-Lipschitz 
equivalent to the image. Then we put a function /^^ = / o (<l>^' J~^ on <l>^ i(C*fc J- and take 
a Lipschitz function F^^ on R'^ satisfying F^^iWi/c^^) = fk,i and LipF^^- = Lip/^.. 

Claim 3.26. With notation as above, we have the following: 
1. {l-m{5]n))UY>F^i{w) < Upf{{^l.^)-\w)) < {1 + '^{6;n))UpF^.{w) for a.e w e 



nAc, 



k-i) 



2. (1 - ^{5]n))lipFl^w) < lipf{{^%^^)-^{w)) < (1 + ^{5;n))lipFl-{w) for a.e w e 



nM 



k,i) 



3. Lip{F^.\^^{^^_^^y)iw)-L^i6;n) < Upl^" f {{^l^y^w)) < UpiFl^\n.{^^_^,})iw) + 
L^(5;n) for a.e w = {wi,...,Wk) G $fc,i(Q,i). 

4. MF,-jRx{.„...,.,})(u;)-Lv|>(5;n) < Uf:^f{m,i)~'M) < /^p(F,^,,|Rx{.„...,«,,})H + 
L'${6;n) for a.e w = (wi,... ,Wk) e ^lA^l^i)- 

5. (l-M/(5;n))Lip(F-J|,,j,K-0H < Lip(/bi , A .)nct){m,y\y^)) < (1 + 
*(^;'^))Lip(i^fc,il{^i}xR^-i)H /o?^ «-e. u; = (wi,..,U7fe) G $fe,i(Q;J. 

^((5;n))/ip(F^^.||^^|xRfe-i)(w;) /or a.e. w = {wi,...,Wk) G $fc,i(Q,i). 

The proof is as follows. First, we shall check the statement 1. We put C^j = 
Leb($^,(C,-,))n$^,(LebQ,). Then, we have i7^($^,(Q,)\C^,) = 0. By Claim El^l and 
Proposition EH we have {l-^{S))Up{F^^^\^^^^^ci:j){w) < Up{f\c^^J{{^l^)-\w)) < (1 + 
^i6))Up{F^^^\^.^^^cij)H, UpiF^.\^.^^^ci^^)iw) = UpF^.{w) a.ndUpif\c^Jii^y-\w)) = 
Lip/(($^ J~^(i(7)) for every u; G C^j. Therefore we have the statement 1. Similarly, we 
have the statement 2. 



^J — „7. _ T r^Ur^x r\ in,, ^ -ok. 



?x 
k,i 



Next, we shall give a proof of statement 3. We put C^f = sli — LehCl^n{w G R , Ff 
is totally differentiable at w.}. Then, by Claim [3^251 we have i7'^(C^ ^ \ C^'f) = 0. 

We take a point w G C^'/ and put w^ = w + (e, 0,... , 0) for every e > 0. Since w G 
LebC^ j, there exists We G C^ .• such that w^, w^ < a{e)e{a{T) — )• as r — )• 0). Clearly, (1 — 
6){e-a{e)e) < {1-6)'^I^, < {^l,)-'{w),{^y-^{w,) < {1 + 6)'^I^, < {l + 6){e + a{e) e). 
We define the projection tti from R'^ to R by tti{w) = wi. Then we have x, {^lj)~^{w^) = 



n.iw,) = TTiK) ± a(e)e = m{w) + e± a(e)e = x, in,i)-'H + in,i)-'M^ in,i)-'i^e) ± 
{6 + a(e))e. By Lemma [3.14[ without loss of generality, we can assume that there exists 
To > such that Ck,i C Vl°. We take an isometric embedding 7 from [0, x, ($^ i)'^{'^)+'To] 
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to Y satisfying 7(0) = x and 7(x, {^li)~^{w)) = ("^^ J ^{w). Then, by rescaling e ^dy 
and splitting theorem, we have ($^ J~i(i()J,7(x, ($^ J~^(w) + e) < \&(a(e), 5; n)e. For 
e << To, we have 

■ ■ < ■ ■ h La{ej 



, l/((nJ-'H)-/(7(a:,($^,)-H«^) + e))| , ^^^, ,, ^ , 

< ■ ■ h Lw(a(e), b\n). 

e 

By letting e ^ 0, we have Lip(F,-,jRx{«,„...,«,,})(«;) < Lip^"V(('^M)"'(«^)) + i^^(<5; n). We 
take a sequence {ej} such that e^ — )• and that 



„^ l/oW,.)-W-/(-,(M^y-'M-..,))l ^ Lip-/((*j.)-(.)). 



j-s>oo |ej| 



We fix j G N. We assume that e^- > 0. Since ($fej) (w^) G LebC^j, there exists 



w)(j) G C^'j such that w(j),7(x, ($^ J ^(w) + Cj) < Tjtjijj — )■ as j — )■ 00). Then, we 
have 



(36) 7ri(w(j))-7riH = x, w(j) - x, (<l>^ .)-i(w) 



(37) =x,7(x,($^,)-H^) + e,)±r,-e, 

(38) = ej ± TjEj 



(39) = 7(^, (*m)"'H + e,), (n«)'n«^) ± r,e, 

(40) >(l-(5)<l>^Y.^(j)),^-r,e,- 



On the other hand, since $^^(w(j)), w < (l+(5)ej+rjej, we have w + (e^, 0,... , , 0), ^^ ^(^(j)) < 
\E'(|ej|, 5; n)|ej|. Similarly, we have the inequality above in the case e^ < 0. We put 
w{j) = ty + (ej, 0,... , 0). Then, we have 



i/((*^,)-H«^))-/(7(a;,(n.)"'H)+e,)) ^ \FiM - nA^u^{m\ , , 

\ — \ < — rn — ^ -^''"7 

< — + L^(|ej|,rj,(5;n). 

By letting j — )■ 00, we have the statement 3. Similarly, we have the statement 4. 

We shall give a proof of the statement 5. we take w G C^ j. By Claim [3l24t we have 

(41) (1 - ^((5))Lip(Ffc"_J|^,}xR^-inc^,,)(«^) < Lip(/|($.^)-i(|^,|xRfc-inc|j)(*M)"'(«^) 

(42) < (1 + ^{b))U^{Fl^^^^^^^.-.^^.J{w). 
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We remark that i^l^i)~^i{wi} x R'^ ^ fi C^ J = dB ^,^^ )-!(»,) (^) '^ ^k,i- By Proposition 
EH we have Lip(F^^_.||^^|xRfc-inc-_,)(«^) = Lip(F;;fJ|^^|xRfe-i)(w). Therefore, by Claim 
13.241 we have 



(43) (1 - vl/(<5))Lip(F,-J|^,j,K.-0H < Lip/laB— — ^(.)nc^^)(($^,)-'(«^)) 

(44) < Lip(/|,5_^^(.)nc,^)($^,J-^(^)) 

(45) < (1 + ^(<5))Lip(F,^J|^^|^Rfc-in$^^(c,^_j)(«^) 

(46) < (1 + vI/(,5))Lip(F,^,J|^,},K.-0(«^)- 

Thus we have the statement 5. Similarly, we have the statement 6. 
Therefore we have Claim 13.261 

Claim 3.27. With same notation as in Claim 1372R we have 
/^p(/|aB,;^5^^P^(.)nc,^,,)(($M)"'(^)) > Lip(/aB^^5^-p,(.))((n.)"'(^)) - nS;n,L) 

The proof is as follows. We will use same notaion as in the proof of Claim 13^261 We take 
w G $^ j(Leb($^ j)"^(C^'f)) and put z = {^lj)~^{w). First, we assume k > 2. We shall 
prove that z G dB^^{x) is not an isolated point in dB^^{x)\Cx- Because, by the definition 
of sli — Leb(C^J, there exists a sequence {/3(j)} G C^^ such that 7ri(/3(j)) = t^i{w), 
m + w and /3(j) ^ w. Then, we have {n,)'\m) ^ ^, in,^y\m) e dB^{x)\C, 
and ($fc j)~^(/3(j)) — ;• z. Therefore, z is not an isolated point in dBx;z{x) \ Cx- 

We take a sequence {z{i)} G dBx^{x) \ {z} such that z{i) — )■ z and that |/(z(j)) — 
/(^)|/^(j);^ ^ Lip(/|ai,^(.))(z). We put v ,=^{3U > 0. Since z G Leb(«l>^,)-HC^;f), 
there exists z{j) G ('^fci)^"'^(C^'[) such that z{j),z{j) < fjrij{fj — )• as j — ;■ oo). We put 
a(j) = $^j(i(j)). Thus, we have |7ri(a(j)) — tti{w)\ < {l + 6)fjrij. Therefore, there exists 
a{j) G {wi} X R*-'^^ such that w{j),a{j) < '^(fj]n)r]j. Then, we have 

.47^ I/(^(J))-/(^)I ^ I/(^(J))-/(^)I I ^^ 

zU),z ~ V, 

\F'ki{w{j))-F^,(w)\ 

(48) ^\_^,±^Jn b±Jl + ^iJ(^f.n,L) 

Vj 

(49) < mmzIlMEM + mr, n, L). 

a{j),w Vj 

By letting j — )■ oo, we have Claim \^727\ for the case k > 2. Next, we assume k = 1. It 
suffices to check that z is an isolated point in dB^^zix)- We assume that z is not an isolated 
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point in dB^^{x). Then, there exists a sequence {z{i)} G dBx;z{.x)\{z} such that z{i) — )• z. 
We take an isometric embedding 7 from [0, x7^+ tq] to Y such that 7(0) = x, '~^{x~z) = z. 
Here tq is a positive constant. We put e{i) = z,z{i). Then we have z{i),'j(x^ — Cj) > 
X, z{i) — x,7(x7^ — Cj) = ej, z(i),7(x7^ + Cj) > x,7(x7T + Cj) — x, z{i) = e^. On the other 
hand, by Proposition I2.9[ without loss of generahty, we can assume that {Y, e'^dy, z) 
converges to some tangent cone {T^Y, 0^) at z. By the argument above and sphtting 
theorem, there exists a pointed proper geodesic space {W, w) such that T^Y = R x W^ 
and that W 7^ {w}. On the other hand, z e Ci^i C TZi. This is a contradiction. Therefore 
we have the Claim [323 for the case k = 1. 

By Claim [3231 ESS] and [323 for every A^ G N, we have U^f{zf = Lipl^'^ f{zf + 
Up{f\aB^J{z)^±N-' = Upl-'f{zy + hp{fU^^^)\cJ{zr±N-' = Upf{zY±N-^ for 
a.e. z &Y \ Cx- Therefore, we have the assertion. D 

Remark 3.28. For every Ricci limit space {Y,y,v) and Lipschitz function / on F, by 
[H, Corollary 6.36], we have lipf{x) = Lip/(x) for a.e. x &Y. 

By an argument similar to the proof of Lemma 13.201 we have the following: 

Lemma 3.29. Let {Y,y) be a Ricci limit space satisfying Y 7^ {y}, z a point in Y\Cy, 
f a Lipschitz function on Y , t a positive number and 7 an isometric embedding from 
[0,y^ + T] to Y satisfying 7(0) = y and ■yijJTz) = z. We assume that the limit limr^o(/ ° 
7(^7^+ r) — f{z))/r exists. Then, for every isometric embedding 7 : [0,y^ + r] — t- F 
such that 7(0) = y and that •yijJTz) = z, we have limr_5.o(/ o liVTz + r) — f{z))/r = 
lim^^o(/ o liUTz + r) - f{z))/r. 

We shall give the following definition: 

Definition 3.30. Let {Y,y) be a Ricci limit space satisfying Y 7^ {y}, / a Lipschitz 
function on Y . We put 

A^ = L G r \ a; The limit lim / ° 7(a^,l/ + ^) - /(a^) ^^-^^g 

Here 7 is an isometric embedding from [0,^7^; + t] (r > 0) to y satisfying 7(0) = y and 
j{y7x) = X. For X G Ay, we put 

^(x) = lim /°7(^;¥ + ^)-/(a^) _ 
dry r--5-o r 

Similarly, we have the following lemma: 

Lemma 3.31. Let {Y,y) be a Ricci limit space satisfying Y 7^ {y}, z a point in Y\Cy, 
f a Lipschitz function on Y , t a positive number and 7j(2 = 1,2) isometric embeddings 
from [0,yTz + r] to Y satisfying 7(0) = y and 'jijjTz) = z. Then, we have liminfj.^o 1/ ° 
liifTz + r) -/(2;)|/|r| = lim inf^^o 1/ o 72(^7^ + r) -/(2;)|/|r|. 
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With same notaion as in Lemma [3.311 we put Lip^^'^ f{z) = liminf.r_5>o \f ° 'Jiiy, z + 

r)-f{z)\/\r\. ~^ 

Lemma 3.32. Let (Y,y,v) be a Ricci limit space, x a point in Y and f a Lipschitz 
function on Y. Then, we have Lip"^^ f{z) = Lip^*^ f{z) for a.e. z E Y. 

Proof. We will use same notaion as in the proof of Claim I3l26l We put L = Lip/. 
We take a sufficiently small < 6 < 1 and a Borel set C^j such that the map $^j = 
{rx,r^2 ,... ,r^k ) from C^^ to R''', gives a (1 ± 5)-bi-Lipschitz equivalent to the image. 
We take w G C^'/ and put z = {(^l^)~^{w). We choose an isometric embedding 7 from 
[0, x,z + t] to Y such that 7(0) = x,'j{x, z) = z. Here, r is a positive constant. We take a 
sequence of real number, {cj} such that Cj — )■ and limj_j.oo \f o 7(a^^ + Cj) — /(-2)|/ki| = 
Lip^^'^ f{z). By an argument similar to the proof of Claim |3TT3| there exists w{j) G C^^ 
such that w{j),'y{x, z + ej) < Tj\ej\{Tj — )■ as j — t- 00) and that 

.gQ. \fiz)-f{^ix7z + e,))\ ^ \F^Aw) - F^^,inMj)))\ _ ^^^, 

If • I If ■ I 

(51) > '■ —— ^{Tj,6;n,L). 

Bylettingj ^ 00, we have Lip';"'^/(2:) > Up{Fl^\-Rx{n.,^...,y,,}){w)-^{6;n,L) > Up'ff{z)- 
\l/(5;ri,L). Therefore, we have the assertion. D 



Thus, we have 



.rad./N ,,_\f°7{X:Z + h)~f{z)\ 



UpTfiz) = hm^ 



h^O \h\ 

for a.e. z eY \ Cx- 

Theorem 3.33 (Radial derivative for Lipschitz functions). Let {Y,y,v) be a Ricci 
limit space satisfying Y 7^ {y}, x a point in Y and f a Lipschitz function on Y . Then, 
we have v{Y \ A^) = and 

^(z) = {df,drx)iz) 
dr-x 

for a.e. z E A^. 

Proof. For every w eY \Cx, there exist r > and an isometric embedding 7 from 
[0,x, z + t] to Y such that 7(0) = x and ■j{x,w) = w. Then, by Theorem 13.221 and Lemma 
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I3.32[ for a.e. w G F \ Cx, we have 

(dr., df){w) = ^(Lip(r, + f){wf - U^f{wf - UwA^f) 

= ^{Upl^'ivx + f){wf + Lip((r. + /)|aB^(.)\cJ(^)' 

- U^Tfiwf - Uv{f\aB^\c.){wf - 1) 

- Lip-V(«;)2 - Lip(/|aB^\cJ(^)' - 1) 
= ^(Lip-<i(r,. + f){wf - Lip-V(t^)' - 1) 

1 f^^^ |(r,. + /) o 7(x71U + /i) - (r. + /)(«;)P ^.^^ |/ Q l{x 7w + h) - /Hp 



2 \/i->o 



- lim 

2 U^o 



f o^{xrw + h) - f{w) 



h^O 



M 



h 



lim l'^°^(^'^ + ^) -/HP 



I Here, we have the existence of the hmit hm 
y /i-s>o 



f o'y{x,w + h) -/(w) 
h 



1/ / o 7(x, ti; + /i) - /(w) |/o7(x,ti; + /i) -/(w)|2 

= - 1 + 2 lim ; h hm -—: 

2 \ h-^o h h^o \hr 

_ jj^ |/o7(^7w + /i)-/HP _ ^ 

f o^{x/w + h)- f{w) df 

= hm ; = - — [w). 

h^o h dfx 



3.3 Rectifiability associated with Lipschitz functions 



D 



In this section, we will give a generalization of Theorem 13.171 First, we shall state the 
following lemma: 

Lemma 3.34. Let 5 he a positive number, {(Mj,r?7,j)}j a sequence of n- dimensional 
complete Riemannian manifolds with RicAf^ > -~5{n — 1), {Y^y^v) an (n, —5)-Ricci limit 
space o/ {(M(, r?7,j, vol)}j, x,xi,X2 points in Y, x{i),xi{i),X2{i) points in Mi, h\ a har- 
monic function on BiQo{x{i)) and h'^ a Lipschitz function on Bioo{x). We assume that 
x,xi > 6^^, x,X2 > S^^ , x,xi + x,X2 — xi,X2 < S, x{i) — !■ X, Xj{i) — )■ Xj{i){i = 1,2), 
supj Lipb'-L < oo, h\ — )• b^^ on Bioo{x), 



m - rx^(i)\LooiB^oo{xii))) < ^, 
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Y0\ Bioo{x{i)) JB,oo{x(i)) 



\Vh\ - Vr^i(,)|^(ivol < S 



and 



Then, we have 



volBioo{x{i)) Jb 



,ixii]) 



iHessui Pdvol < 5. 






We remark that Lemma [3.341 does not follows from [H Lemma 9.10] directly. We shall 
give a proof of Lemma 13.341 in the proof of the following Lemma 13.351 

Lemma 3.35. Let S be a positive number, {(Mj,r7ij)}j a sequence of n- dimensional 
complete Riemannian manifolds with RicAf^ > —S{n — 1), {Y,y,v) an (n, —6)-Ricci limit 
space o/ {(Mj,mj, vol)}j, x,Xj{j = 1,2,3,4) points in Y and x{i),Xj{i){j = 1,2,3,4) 
points in Mj. We assume that x{i) — )■ x, Xj{i) — )■ Xj{j = 1,2,3,4)), x,Xj > 6~^ , x, xi + 
x,X2 — Xi,a;2 < S and x,X3 + x^xl — x^^xl < 5. Then, for every sufficiently large i, we 
have 

/p / ^^ / {dr^,,dr^^)dv = / (dr^,(i), dr^2(i))rfvol ± ^{6; n) 

v[Bi[x)) J B^{x) V0l5i(x(?)) isiWi)) 



v{Bi{x)) Jb,(^) 



{dr^^,dr^^)dv 



v{Bi{x)) Jb,(x 



{drx^,drx^)dv 



dv < ^((5;n) 



and 



Yo\Bi{x{i)) Jb, 



,{x{i)) 



{drx,(i),drx^(^i)) 



v{Bi{x)) Jb,(x) 



{drxj^,drx^)dv 



dvol < ^((5;n) 



Proof. First, we remark the following claim: 



Claim 3.36. For every sufficiently large i, there exist harmonic functions b'i,b3 on 
Biooix{i)) such that Lipb* < C{n), |b} - r^^^i-jlLo^^B^^^^xii))) < "^{S^n), 



1 



YO\ Bioo{x{i)) JB^ooixii)) 



|(ib* - cir^^(i)p(ivol < \l/((5; n) 



and 



for j = 1,3. 



1 



vo\Bioo{x{{}) Jb 



Axi^)) 



|HesSb«p(ivol < \l'((5;ra) 



See [U Lemma 9.8, Lemma 9.10, Lemma 9.13] or [6l Lemma 6.15, Lemma 6.22, Propo- 
sition 6.60] for the proof of Claim [37361 
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Since C(n)(|HesSb» p + iHess^i p) is an upper gradient of {dh\,dhl), by Poincare in- 
equality, we have 



1 



vol5ioo(a;(z)) JB^ooixit)) 
< C{n)- ^ 



{dh\,dhl) 



{dh\,dhl)dvo\ 



Therefore, we have 

I / 



vo\Bwo{x{{)) JsuMxii)) 
MHesSb^ P + |HesSb» n dvo\ < '^{6;n). 



dvol 



{dhl,dr^^(^i)) - 



1 



Yo\Bioo{x{i)) Jb 



j(xW) 



{dhl,dr^^^i-))dvo\ 



dvol 



By Proposition 12. IH without loss of generality, we can assume that there exists Lipschitz 
functions bf^,b|f on Biqq{x) such that b* — )■ b°° on _Bioo(a;)- By Theorem 13.331 there 
exists a Borel set A C Biqq{x) \ C^^ such that v{Biqq{x) \ A) = and that 

,. fo^{xTra + h)-f{a) 



lim 



h 



{dr,,,dh'^)ia) 



for every a & A and minimal geodesic 7 from xi to a. By Lusin's theorem, there exists a 
Borel set A{6) C A such that v{A\A{6)) < 6v{Bi{x)) and that the function {dr^^, df)\A(5) 
is continuous. For every < r] < 6, we put a function /^ on yl(5) \ B2s{x) by 

/W - fH 



fr^ (z) = sup _ 

weCz{{xi})nB^{z) 



{dr^^,df){z) 



It is easy to check that /^ is an upper semi-continuous function. Especially, /^ is a Borel 
function. By the definition of A, for every a E A, we have lim^_).o /^(a) = 0. Thus, by 
Egoroff 's theorem, there exists a Borel set X = X{6) C A{6) such that t;(A((5) \ X{6)) < 
Sv{Bi{x)) and that 

lim (sup 4(a)) =0. 

We take -q = r]{5) « 5 satisfying sup^g^ /4('^) ^ ^ ^^^ every r/o < rj. For every i, let Xi 
denote the set of points w G Bi{x{i)) such that 

(dbg, rfr^,(i) )('«;) 



((ib3,(ir2.j(j))(ivol 



<^((5;n) 



Y0\ Bioo{x{i)) JBu,oix{i)) 

. Then, we have vol(-Bi(x(i)) \ Xi)/vo\Bi{x{i)) < \I'(5;n) for every sufficiently large i. 
For every i, we define a Borel function Fi on Bioo{x{i)) \ Cxi(i), 



Fdw) 



hi{j{xi{i),w-i]'^)) -hi{w) 



—7]^ 



Here, 7 is the minimal geodesic from Xi{i) to w. 
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Claim 3.37. For every sufficiently large i, we have 
1 



Vol5io(x(i)) 7sio(x 



io(x(i))\C^^(i) 



|(cib^,cir,.,(,))-F,H|rfvol<^(5; 



n] 



The proof is as follows. It is easy to check that for every a < b, smooth function / on 

(a, b) and c G (a, 6), we have 



f{t) = f{c) + f'{t)it-c)- / (s-c)r(s)ds 



Therefore, we have 



w — 



a:i(i),ui 



b|(7(xi(i),w-?7^)) -b|(w) ^ c^bl 

Thus, by an argument similar to the proof of [44, Estimate 2.6], we have 
1 









(52) 

(53) 
(54) 



Vol5io(x(i)) J Bu,{x{i))\C,^ 



I {dh\, (ir^i(j)) - Fi{w) \ d\o\ 



(i) 



< 



1 



1 



xi{i),w 



T]^ vol BiQ{x{i)) jBwixii)) Jxi{i),w-rj2 

< rfC{n) ^ 



volfiioo(a;(0) Jbwo{x(^) 



r^^lHesSb* \{i{s))dsdvo\ 



Hessi^i I (ivol 



(55) 
(56) 



<7fC{n). 



1 



vol5ioo(a;(i)) J BuMx{i)) 
<rfC{n)^{5;n). 

Therefore, we have Claim [3371 

Claim 3.38. For sufficiently large i, we have 



iHesswi Prfvol 

I Uo I 



1 



v{Bi{x)) Jb,^ 



i(x) 



{dh^,dr,,) 



YO\Bi{x{i)) JB.ixii)) 



(dbg, drxj^(i))dvo\ 



dv < ^((5;n). 



The proof is as follows. Let Yi = {w E Bi{x{i)) \ Ca;^(j); [(dbg, (ir^.^(j))(iy) — Fi{w)\ < 
'^{6;n)}. By Claim ESZl we have vol(5i(x(i)) \ Yi}/vo\Bi{x{i)) < ^((5;?2) for every 
sufficiently large i. We put Zi = Xj fl Fj. We take a compact set Wi C Zi satisfying 
vol(Zi \ Wi) /vol Bi{x{i)) < ^(5;n). Thus, we have vo\(Bi{x{i)) \ Wi) /vol Bi{x{i)) < 
\&(5;n) for every sufficiently large i. By Proposition I2.10i without loss of generality, we 
can assume that there exists a compact set Woo C Bi{x) such that Wj — )■ Woo- By 
Lemma ITM we have v{Woo)/v(Bi{x)) > 1 - ^((5;n). We put E = Woo n X, then 
t;(-Bi(a;) \ E) < '${6;n)v{Bi{x)). For every Wj G VFj and w E E, we take the minimal 
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geodesic 7^. from xi{i) to Wi and a minimal geodesic 7^ from xi to w. Then, there exists 
io such that for every i > Iq, w & E and Wi G PVj satisfying Wj — )■ w, we have e^ « rj, 



and 



(db^,(ir^^(i))(u;) - 



(rfb!j,(ir^j(i))(wi 



^i{ii{xii^),Wi-v )) -m^i) 



—77^ 



<^((5;n) 



vol5ioo(a;(«)) JBuMxii)) 

On the other hand, by rescahng rj'^dY, since 



((ib3,(ir^^(i))c?vol 



<^(5;n). 



xi,0i(7i(xi(i),w;j -772)) > ?7 \ 0j(7i(xi(2),Wi -772)),^ > r/ ^ 



and 



-7? 'dy 



a;i,0j(7i(xi(i),Wj -r]^)) + (j)i{'yi{xi{i),Wi - r]'^)),w - xi,w'' ^ < 77 



by sphtting theorem, we have 



-T) ^dy 



(j)i{'yi{xi{i),Wi -7/2)),7(xi,m;-772) < ^{5;n). 



Therefore, we have 



b^(7i(xi(z), w, - ri')) - b'gK) b-(7(afT7uJ - v')) - hf{w) 



Thus, we have 



—1]^ 



<^{5-n). 



vol5ioo(a;(i)) Jb,^^{x 



3(x(i)) 



((ib3,(ir^^(i))(ivol 



<^(5;n) 



We put 

Then 

(57) - 



a. 



Vol5ioo(x(i)) JB^ooixii)) 



{dhl,dr^^(i))dvo\. 



(5J 



— ^ / |(rfb-,c?r.,)-aMt; + ^7^ f \{dh^,dr,,)-Q\dv 



^ C{n)v{B,{x)\E) , v{E) ,^,^^ 
v{Bi{x)) v{Bi{x)) 

Therefore, we have Claim 13. 381 
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Claim 3.39. We have 

— -Vty / \dh^\^dv < 1 + ^{5; n). 
v{Bi{x)) Js.i,) 

This proof is as follows. Since 

, J, ... / \\dhi\ - l|rfvol < ^{5;n) 

VO\Bi{x{t) Jb^(x{i)) 

for every sufficiently large z, by [5, Lemma 16.2], there exists a compact set Ki C Bi{x{i)) 
such that yol(Bi(x(i))\iri)/yol5i(x(i)) < ^{5;n) and that Lip(m;^J < l + *((5;n). By 
Proposition I2.10[ without loss of generality, we can assume that there exists a compact 
set Koo C Bi{x) such that Ki — > Koq. By Lemma [2.141 we have v{Koq)/v{Bi{x)) > 
l-^!{5]n). By the definition, we have Lip (b^ I x^) < 1 + ^(5; n). We put Koo = LebKoo. 
Then by Proposition 17. 7[ we have 

dh-^^dv = ,} , .. I Mb!f Pdf + ,} , ,, I Uh'^^dv 



v{B,{x)\K^) 



< 



L_lju,Kr,^.^cin) 



< ^,g|, .. / (1 + *(.5; n))dv + *(«; n) < 1 + *(«; n). 

Therefore, we have Claim I3.39[ 

If we consider the case xi = X3,X2 = X4, then, by Claim [336| 13.381 and I3.39[ we have 



(60) 
1 



Idh'^ - dr^.fdv 



v{Bi{x)) Jb,(^) 
(61) 

(62) 
< 1 + ^((5; n) - 2(1 - ^(5; n)) + 1 < ^(5; n) 

for every sufficiently large i. Therefore, we have Lemma [3.341 On the other hand. Lemma 
13.351 follows from Lemma 13.341 and Claim 13.381 D 

Lemma 3.40. Let {(Mj,mj)}j be a sequence of n- dimensional complete Riemannian 
manifolds with RicMi — "('^ ~ ^)> (X^V:'^) o, Ricci limit space of {(M»,m,;, vol)};,, r 
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a positive number, x,Xi,X2 points in Y , x{i),Xi{i),X2{i) points in Mi. We assume that 
X G flfci 2^^'x{i)\^T-{xj)), x{i) — > X andxjii) — )• Xj{i = 1,2). Then, for every sufficiently 
large i, we have 



1 






{dr^^,dr^^)dv 



vol Br 



1 /■ r 



n 



{dr.,^,dr^.^)dv- 



v{Brix)) Jb 



-(x) 



{dr^^,dr^^)dv 



dv < '^{r, —; n) 

T 



and 



1 



Yo\Br{x{i)) Jb, 



{dr^^(i),dr^^(i)) 



1 



((ir^,(i),dr^2(i))'^^ol 



dvol < \I/(r, — ; n) 
r 



^{x) ' "^Ol Br{x{i)) J B,(x) 

Proof. By rescaling r'^dy and Leninia [3.35[ it is easy to check the assertion. D 

Next corollary follows from Lemma 13.351 13.401 directly: 

Corollary 3.41. Let {{Mi,mi)}i be a sequence of n- dimensional complete Rieman- 
nian manifolds with RicAf. > —{n — 1), {Y,y) a Ricci limit space of {(M,;,m,;, vol)},;, t,L 
positive numbers, x,Xi,... ,Xk,zi,... ,zi points inV, x{i),Xi{i),... ,Xk{i), Zi{i),... ,zi{i) points 
in Mi and ai,... ,ak,bi,... ,bi real numbers. We assume that x G f]^^i(Vl^ \ Br{xi)) fl 



ni=i(Pl \Br{zi)), x{i) -^ X, Xj{{) -> Xj{j 



.k), z^ii) -> Zmijn 



, I) and 



Ei=i «? + Ei=i b^ < L. We put f = ^j^^ ajr^^,g = J2j=i bjTz^Ji = Ei=i «j^x,(i) and 
9i ~ Yli=i bjfzjii)- Then, for every sufficiently large i, we have. 



vol Br{x{i)) jB,{xii)) 
v{Br{x)) Jb,{x) 



{dfi, dgi) / {df, dg)dv 

v{Br{x}) Jb,{x) 



(ivol < \I^(r, -;n,L), 



r 



(rf/, dg) 



1 



{dfi, dgi)dyo\ 



dv < \E'(r, — ; n, L). 

T 



Yo\Br{x{i)) jBrixii)) 

Lemma 3.42. Let {{Mi,mi)}i be a sequence of n- dimensional complete Riemannian 
manifolds withRicMi > —(^ — 1); (X,y,v) a Ricci limit space of {(M,;,m,;, vol) }i, l,ka{l < 
a < I) positive integers, r,e,T,L positive numbers, x,a;^(l < s < /, 1 < t < A;;) points 



in Y, x{i),x^{i) points in Mi and a^(l < s < 1,1 < t < ki) real numbers. We put 
fj = J2m=i<r^,^Ji = Em=i<^xi,(i)- ^e assume that I < n, h < n{l < i < I), 
^ e ft<i<i,i<j<kSK^^ \ Brix))), x{t) -> X, xt{{} -^ xf, Ei,j(«i)^ ^ ^ ^^^ 



"TTT / (^fi^ c(fi)c?t^ = Sij ± e. 

r[X)) JBrix) 



v{Br 

Then, for every sufficiently large i, there exists a compact set K^ C B.i,/iQ{x{i)) satisfying 
the following properties: 
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1. vol(5,/io(x(?)) \K;)/vo1B,/io(x(?)) < ^(r,r/r,e;n,L) 

2. For every w & K^. and < s < r/Kf, there exist a compact set Z C Bs{w), z & Z 
and a map (p : {Bs{w),w) — )■ {Z,z) such that the map $ = {fl, fl^-- , fii4') from 
Bs{w) to Bs+^{r,r/T,e;n,L)s{fl{w)y.. , //(w), <P{w)) , Qwcs ^(r, t/t, €] u, L)s-Gromov-Hausdorff 
approximation. 

3. For every w E K^. and < s < r/10^, we have 

If r 

, „ . ^ / \{dfl,df},)-6^p\dYo[<^{r,-,e;n,L). 

Proof. By Lemma [2321 we have 

,P^, r,, I I Wh dSf) - 5,M^o\ < ^>{r, -, e; n, L) 

for every sufficiently large i. We consider rescaled distances r'^dy and r~^dMi- For 
convenience, we shall use the following notations: vol = voF "*, v = v/v{Br{y)), 
fziw) = r~^w, z'^^ , Bs{w) = Bl ''■^ {w) = Bsr{w), g = r~^g for Lipschitz function g and 
so on. We remark that (Mj, rrii, r'^duj , vof *^») — > (F, y, r^-'^dy, 0). We also denote the 
differential section of Lipschitz function / on F as metric measure space (F, v) by df : 
Y — 7- T*Y and denote the Riemannian metric of rescaled Ricci limit space (F, j/, r'^dy-, v) 
by (■, ■)r- By the definition, we have (■, ■)r = 'r~'^{-, ■). Then we have 



/ I {df;, dff)r - 6 ildvol <^{r,-,e- n, L). 



vo\Bi{x{i)) J B-i(x{i)) 

On the other hand, by [41 Lemma 9.8, Lemma 9.10, Lemma 9.13] (or [6| Lemma 6.15, 
Lemma 6.22, Proposition 6.60]), there exist harmonic functions b™'*(l < m <l^l < j < 
km) on Sioo(a;(i)) such that Ib^'' - ^x™(i)lLoc(j3^Q„(^(i))) < ^{r,r/T]n), 

— — / |(ib™'* - (if^.™(i)|^(ivol < ^^(r, -; n) 

Yo\BiQo{x{i)) JBiooixii)) ' T 

and 

'Hesst'",i|?c?vol < \l/('r, — ; n). 



) 1 '"75 



vol Bioo{x{i)) J Biooixii)) ' 'T 



We put b* = X]m=i (^L^T'^- Then, we have 



^ / I dh] - df] I ^dvol < ^ (r, - ; n, L) 

JBumixU)) 'T 



V0\ Biooix{i)) JBum{x(i)) 
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and 

1 /" - r 

^r—. / |HesSt,i lldvol < ^(r, -; n, L). 

VO\Bioo{x{i)) JB,oo(x{i)) ' '^ 

Especially, we have 



/ \{dhi, dU)r - Sj^i\dvol < ^(r, -, e; n, L) 



vol5ioo(a;(i)) JBiooixii)) 
We put 

i=i i=i j<f i=i 

By Lemma Em we have the following: 

Claim 3.43. For every sufficiently large i, there exists a compact set K^ C i?i/io(a;(«)) 

such that 

vo\{B.{x{i))\Kl) r 

volSx(x(z)) " ^ 'r' ' ' " 

10 

and that 

1 /• . . r 

Fidvol < *(r, -,e;ra,L) 



vol55^(u;) Jb54«,) t 

/or ei'er?/ w E K^ and < s < 1/10. 

We fix w G Kl and < s < 1/10. By an argument same to the proof of [9l Theorem 
3.3], we have the following: 

Claim 3.44. There exist a compact set Z C Bs{w), a point z E Z and a map 
from Bs/io5{w) to Z, such that the map $(a) = (b*^(a),... ,b;(a),0(a)) from Bs/iq5{w) to 
Bs/io^+^sO^ii'w),... ,hl{w),(f){w)) C iV' X Z , gives ^s-Gromov-Hausdorff approximation. 
Here, \& = \&(r, r /t., e; n, L). 

Since 

^-^-— ! \dh) - df;\ldvo\ < v|/(r, -, e; n, L), 

VOlB^siw) JBt,s(w) t 

by segment inequality (see P Theorem 2.15]), for every zi G Bs{w), there exist ii G 
B^siw), w G B^siw) and a minimal geodesic 7 from zi to w such that zi^zi < \E'(r, r/r, e; n, L), 
w, w < \E'(r, r/r, e; n, L), and that 

/ Lip(b} - fi){l{t))dt < vi/(r, -, e; n, L)s. 
Therefore, we have 

|b}(zi) - fp,) - (b}H - f;(w))\ < / Lip(b} - /j)(7(t))cit < vl/(r, -,e;n,L)s. 
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r 



By Cheng- Yau's gradient estimate, we have 'Lip{h'j\^,.) < C{n,L). Thus, we have 
|b* (2:1) — /j(-2i) — (b* (w^) — fji^))\ ^ ^(^5 ''"/'^i e; ^5 L)s. Therefore, if we put C = b*(u7) — 
fj{w), then we have 

b;. = /j + C±vI/(r,^,e;n,L)s 

on Bs{w). 

Thus, the map <l(a) = (/{(a),... , //(a), 0(a)) from Bs/w^^w) to 5^/105+^^ (/{(w),... , fl{w),(l){w)), 
gives \l/s-Gromov-Hausdorff approximation. Therefore we have the assertion. D 

Lemma 3.45. Let (Y, y, v) be a Ricci limit space, r, e, 6, L positive numbers, /, m, ks{l < 
s < / < m) positive integers, x,xl{l < s < 1,1 < t < kg) points in Y and af real numbers. 
We put fj = Y.m=i <^xi,- ^e assume that x G Leb \P\i<i<i,i<j<k,{T^l^ \ [x]}) n (7^„)^,^j , 



hm sup I I {dfj ,dfi) - Sij \dv < e. 



Then, for every sufficiently small s > 0, there exists a compact set Kg C Bs{x) satisfying 
the following properties: 

1. v{K,)/v{Bs{x))>l-^>{e,6-n,L). 

2. For every a E Kg and every sufficiently small t > 0, there exist points w\{a),... , w^_;(a) G 
Y and a compact set Ut C Bt{a) such that v{Ut)/v{Bt{a)) > 1 — \I/(e, 5;n, L) 
and that the map ^t = (/i, -,//,'"«;*(«),■■■, '^t«^_,(a)) from Ut to R"", gives (1 ± 
'^{e,6;n,L))-bi-Lipschitz equivalent to the image $t(t/i). 

Proof. Let (Mj,mj, vol) -)■ iY,y,v). We take x^{i) e Mi satisfying x^^i) -)■ x^ and 
put /j = J2rn=i '^irJ'xi.ii)- There exists si > such that si « r, 

1 r ^ (BiQiosix) n r\i<i<i,i<j<kS'^l' n {nm)s,r)) 
-— — - / \{df„df,)-S.,\dv+^ " --, ' ^ < 36 

for every < s < Si. By Proposition 12.101 and Lemma [3.42[ for every < s < Si, there 
exists a compact set Kg C BiQ9g(x) satisfying the following properties: 

1. v{Ks)/v{B,o9g{x))>l-^{e;n,L). 

2. For every w E Kg and < t < lO'^s, there exist a compact set Z^ C Bt{w) and 
a map 4>^ from Btiw) to Zf such that the map $J" = (/i,... , fu <PT) from Btiw) to 
Sio9(i+$j)(/i(w),... , fi{w), (j)f{w)), gives \E't-Gromov-Hausdorff approximation. Here 
^ = ^(e;n,L) 
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3. For every w & Kg and < t < 10*^^, we have 

, /R/ NN / I {dfj ,df\)- 6ij \dv<'${e]n,L). 
v[Bt[w)} yB^(^) 

Here, with same notation as in Lemma [3.42[ we used Proposition 14.131 as 

J™ ^^( (i^w / I ^^^'' ^-^^^ ~ Sij\dvol = / I {dfj, dfi) - 5i,\dv. 

k^oo vol Bt{w{k)) J B,(n,{k)) ^ v[Bt{w)) J b,{^) 

for w{k) -^ w. We fix < s < Si and take Kg, w E KsH Leb(ni<i</,i<j<fci(^!^i \ {x'j}) n 
(7^„)^,,), < t < lOS, Zl", 0^", ^T as above. We remark that t;(ir,nLeb(ni<i<i,i<,<fc,(^^A 
{x*}) n {'R.m)5,r))/v{Bio9s(x)) > 1 — ^(c; n, L). We assume that t is sufficiently small and 
that 

V (^Btiw) n nl<^<l,l<J<k,(^^:^ \ {^]}) n {nm)5,r) 

for every < t < t. There exist points vtiVj ^ Bt{w){l < i,j < I) such that 
$r(2/+),(Ov_^,O,...,O,0rH) < ^^ and <l>r(l/-), (0^_^0^, 0,.. , 0, 0r(^)) < ^i- We 

also take an \E't-Gromov-Hausdorff approximation $J" from i?io9(t+^i)(/i(if;),... , fi{w), (l)^{w)) 
to ; Bt(^^) satisfyin g <I>J" o <|^(a),a < m for every a e Bw9(^t+^t){fi{w),... , fi{w),(j)'^{w)) 
and $J" o <I>J"(/?), /3 < \E't for every /3 G Bt{w). On the other hand, we can take (5t-Gromov- 
Hausdorff approximation ip^ from {Bt{w), w) to (i?i(Om), 0^) and ■?/'^ from (i?j(Om), Om) to 
(5t(ti;), w) satisfying that ^|J^ o ^J"(a), a < 5(5t for every a E 5^(0^) and ^jf o ?/^J"(/3), /3 < 
55t for every /3 G Bt{w). Especially, there exists an \E't-Gromov-Hausdorff approximation 



hf from (BtiOrn-i), Orn-i) to (Zf, ^^l^)) such that (0,... , 0, «), ^r o $r(/i(^)v.. , /K^), ^r(a)) < 
\E't for every a G Z]". Here \1' = \l'(e, 6; n, L). Without loss of generality, we can assume 
that V'r(l/»^),(0,.-,0,t,0,... ,0) < ^t. There exist points zf , zj G 'Bt{w){l + I < ij < m) 



such that Vr(-2*^), (0,- , 0, t, 0,... , 0) < ^t and i^Ti^j), (O,- , 0, -t, 0,... , 0) < m. We put 

« j 

Fi = fi — fi{w) and define a function Gj on (i?((0m),0m) by Gi = Fi o ip^ . Since 

TTR^-K^r o'^r(/i(^)v,//(^f^),^r(")))5" < ^^> the map G = (Gi,... , G;, 7r/+i,... , vr^) from 

(i?t(0m),0m) to (-Bf+,^t(Om), Om) gives \l/t-Gromov-Hausdorff approximation and satisfies 

G((0,... , 0, ±t, 0,... , 0), (0,... , 0, ±t, 0,... , 0) < \E't. Here vrj^m-i is the canonical projection 

i i 

R™ = R' X R™"' -> R™~' and ttj is the z-th projection R™ — )■ R. Thus, we have 
a, G(a) < ^t for every a G i?i(Om)- Especially, we have the following claim: 

Claim 3.46. We have 

\Gi -TTil < '^{e,5;n,L)t 

on Bt{Om)- 
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We fix < t < t. By rescaling t ^dy, t ^(iRm, Claim 13.461 and the definition of 
Busemann function, we liave tlie following: 

Claim 3.47. We have 

\F,{a) - (r^-(a) - r^-{w))\ < ^ (^e, 5, -, ^' I ' ^ ; n, L j t 

on Bf{w). 

We take yj{k),z~{k),w{k) G Mk such that y~{k) — )■ yj,zj{k) — )► z^^ and w{k) — )■ ly. 
For \1/ = \l>(e, 6; n, L) in Claim [S3II we put r = v^t. 

For convenience, for rescaled distances r'^dy and r~^dM,, we shall use the same no- 
tation as in the proof of Lemma [3.421 below: jf, df, vol and so on. 

Claim 3.48. For every sufficiently large k, we have 

-,5 \ „,, / \dft - dryrik)\ldYo\ < ^(e, 5; n, L). 

This proof is as follows. By the assumption and Proposition 14. 131 for every sufficiently 
large k, we have 



/ \\dft\l-l\dYo\<<iJ{e,5;n,L). 

JBMmn(x(k)) 



yo[Biooo{x{k)) JBioooixik)) 

By an argument similar to the proof of Lemma [3. 421 for every sufficiently large k, there ex- 
ist harmonic functions h^ on BioQ{w{k)), such that Lipbf < C{n), l^f — ft\L°°(BiQo(w(k))) — 
'^{j-^r /t; n, L), 

1 / '""!•' pfc|2 



Vo\Biooo{w{k)) JBioooiwik)) 

and 



dbf - dfi\,.dvo\ < ^(r, r/r; n, L) 



1 



/ |HesSjjfc I ^dvol < \E'(r, r/r; n,L). 

J B^nnn(w{k\) 



\o\BioQo{w{k)) JBioooiwik)) 

For every a G BiQQQ{w{k)) \ Cy-rj^\, we take the minimal geodesic 7f from y^ik) to a on 
(Mj, r~^dMi)- We fix < /i < L By Claim [37471 there exists ko such that for every k > ko 
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and a 


G Biooo{w{k)) \ C^-(fc), we have 


(63) 


h 

,- — 1 J 


(64) 


ftic^) - /^(7r(2/r(fc),« ^^"^ - h)) ne,S;n,L) 
h h 

,. — 1 ^ 


(65) 


fi{M^))~aMinynk),a '^"'"-h))) ^{e,S;n,L) 


h h 




r-^d r-^d 


(66) 


yi, (t)k{a) ^^ - y-, Mlfiviik). «' ^"' - h) ^(e, 5; n, L) 


h h 




r~^i ,-.-1^ ^ "^^Wj, 


(67) 
(68) 


l/r(A:),a ^"^'^■-y-(A:),7r(y-(fc),a ^^ - h) vl/(e, <5; n,L) 


_^^^(e,(5;n,L) 
h 



On the other hand, by an argument similar to the proof of Claim I3.37[ we have 
(69) 



'^'•'k 



' 's-{y-{k),a "'" -h)] ]°^'' dsdYol 



vol Bioo{w{k)) J Bioo{w{k))h Jy-(^k),a ''"fe-h V * / ds 

(70) 
<C{n)— — / |Hessj,fc|j.(ivol < \E'(e, (5; n, L). 

Vol5iooo(^i'(^)) JBiooo{w{k)) ' 

Since 

(71) bf (a) = h^iirGm^'^'"' - h)) + ^^ia)h 






^l/j (fc),o '' —h 



for every a G BiQQ{w{k)) \ C„-(fc), we have 



/ (^bf,(if -(;,)),rfVOl=l± 



vol5ioo(w(A;)) iBiooC^-W) " '^ 
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Therefore, we have 



\dft -dry-(^k)\ldvo\ 



vol Bioo{w{k)) JBwoi^ik)) 



|d/f l^civol - . . " / (d/f , dr-,^.)rdYo\ + 1 



V015ioo(w(/i;)) JBiooiwik)) Vo\Biooiw{k)) JBiooiwik)) 



2-2(l±^:M^^)±vI.(e,^;n,L)-^^^'^'^'^^ 



Therefore, we have Claim [3^^ 

Next claim follows from Claim [3^^ and [U Theorem 9.29] directly: 

Claim 3.49. For every sufficiently large k, we have 



^—-— I ml rfX-(,)),|t/vol < ^(e, 5- n, L) 

m[w[k)) JBUw(k)) ' 



Yo\BioQ{w{k)) JBi(w(k)) 

for every I < i < I and I + 1 < j < m. Moreover we have 



^——- i \{di'Jflr\dYo\ < ^{e,6;n,L) 

-^niwik)) JBUw(k)) 



Vo\Bioo{w{k)) JBi{w{k)) 

for every 1 < i < i < I. 

There exist harmonic functions hf{l + 1 < i < m) on BiQOQ{w{k)) such that \f^ 

'i \L°°{B 1000 {w{k))) 

1 



H\L^(B..nnMk)))<'^i^^^-^^^L), 



Vo\Biooo{w{k)) JBioooiwik)) 



/ \dhi - dr^-^^^ lldvol < ^(e, 6; n, L) 

J BMmi)(w(k)) 



and 



/ |Hess^;=|^(ivol < *(e,(5;n,L). 



"^Ol Biooo{w{k)) JBioooiHk)) 

We put 

I m 

F,= Y. |(rfbf,dbj),-5,,|+ J2 |Hess^,.|^ + 5^|dbf-ci7f|^+$^ Mbf-rfX-l^. 

l<i,j<m l<i<m i=l i=l-\-l 



Then, by Lemma 13. ![ for every sufficiently large k, there exists a compact set C{k) C 
Bi{w{k)) such that vo\{Bi{w{k)) \ C{k)) /vol Bi{w{k)) < '^{e,5;n,L) and that for every 
a G C{k) and < s < 10, we have 

FkdYol < ^{e,5;n,L). 



VO\Bs{a) JBsia) 
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Thus, by an argument similar to the proof of [9l Theorem 3.3], for every a G C(A;) and 
< s < 1, there exist a compact set P" C -Bs(a), a point p° G Pf and a map g" 
from (-Bs(«),«) to (-Bs(pf),pf) such that the map Qf = (bj^,... , IdJ^, g?) from -Bs(a) to 
-Bs+^s(b^(a),... , b^(a),pf ), gives \l/s-Gromov-Hausdorff approximation. For every a G 
C(A;) and < s < 1. by an argument similar to the proof of Claim [3^^ we have 



bf = fi + constant ± ^s 
on ]3s{a) for every 1 < i < I, and 

b^ = r^rj-fc) + constant it \l/s 



on Bs{a) for l + l < i < m. Therefore, the map Qf = {fi,... , fl', r^- /f.\,... , 'f'z-(k)y if) from 



E^(a) to Bs+q,sifii^)r-Jti^),r-j^Ja),...,f-fi^.{a),pf), gives ^s-Gromov-Hausdorff 



approximation. 

By Proposition ISHni without loss of generality, we can assume that there exists a com- 
pact set C(oo) C Bi{w) such that C{k) -^ C{oo). We put U = C(oo)nni<i<i,i<j<fcJ^;;;A 
{x]}) n (nm)s,v By Proposition EH we have v{Bi{w) H U)/v{Bi{w)) > 1 - ^. Since 
a G (7?.m,)r,<5, by the argument above, the map Tf = (/i,... , fuf^- ,... ,f^~) from Bs{a) to 
i?s(T"(a;)), gives \l/s-Gromov-Hausdorff approximation for every a G f/ and < s < 1. 
Therefore for every a, /3 G f/ fl Bi/2{w) satisfying a ^ (3, ii we put s = a, (3 < 1, then 

we have 

(73) (A(a),...,/Ka),V^^(a)...,f,^(«)),(A(/3)...Jz(/?),V+^(/3),...,r,^(/3)) 



(74) =a,/3 "±^s 



(75) =(l±^)a,/3 \ 

Therefore we have the assertion. D 

Lemma 3.50. Let {Y,y,v) be a Ricci limit space, l,k,m{l < I < m < n) positive 
integers, x a point in Y , hi{l < i < I) Lipschitz functions on Y , t a positive number, 
Xi{l < i < k) points in Y and al{l < i < k,l < j < I) real numbers We put fj = 
^j^j^a^r^;. . We assume that 



for every j , 



lim , ^ , ,, / \dfj — dhAdv = 



(5>0 \r>0 \ij 
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the limit 

lim , ^ , , , / (dhi,dhj)dv 

exists for every i,j, and 



det I lim , ^ , , , / (dhi,dhj)dv] 7^ 0. 



Then, for every < 5 < 1, there exists tq > such that for every < s < ro, there exists 
compact set Kg C Bs{x) satisfying the following properties: 

1. v{K,)/v{Bs{x))>l-5. 

2. For every a E Kg and every sufficiently small t > 0, there exist points w\{a),... , w^_;(a) G 
Y and a compact set Ut C Bt{a) such that v{Ut)/v{Bt{a)) > 1 — 5 and that the 
map $i = {{hi,... , hi)A,ru,t{a)y ^fw^ (a)) from Ut to R™, gives (1 ± 6)-bi-Lipschitz 
equivalent to the image ^t{Ut)- Here, 



A = J { lim , ^ , ,, / (dhi, dhj)dv 

'l\r^Ov{Br{x))Js^^,^^ '' ,^_^ 



Proof. We define Lipschitz functions gi on Y by {gi,...,gi) = {hi,... , hi) A. By the 
definition, we have 



r^Ov{Br{x)) Jb^^) 



By Corollary I3.4H we have 



!'-Si;(Bk)I,J<*'**"'-'^ '* = ''■ 



r^O v{Br{x)) Jb,(x) 

We put {Fi,...,Fi) = {J2i=ib}rx,,- ,J2LiblrccJ = {J2Ll(^}r^^^■■■ ^J^Li^rxJ^ and take 
L > 1 such that \A\ + ^ij{bi)'^ < L. We fix < 6 < 1. By Lemma [S^Sl we have the 
following claim: 

Claim 3.51. There exists ri > such that for every < s < ri, there exist a compact 
set Ks C Bs{x) satisfying the following properties: 

1. v{K,)/v{Bs{x)) >l-5. 

2. For every a E Kg and every sufficiently small t > 0, there exist points w\{a),... , w^_;(a) G 
Y and a compact set Et C Bt{a) such that v{Et)/v{Bt{a)) > 1 — 6 and that the 
map $i = (Fi,... ,F;,r^t(Q,)v- 5''^«)' _ (a)) from Et to IV^, gives {1 :L 5) -hi- Lipschitz 
equivalent to the image. 
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On the other hand, there exists ro > such that 

^ , ,. / > IdFj — doAdv < 5 



sW , 



v{Bs 

for every < s < rg. Thus, by Lemma [3 .11 we have the following; 

Claim 3.52. For every < s < ro/100, there exists a compact set Xg C Bs{x) such 
that v{Xs)/v(Bs{x)) > 1 - ^((5;n) and that 



,„ , ,, / V \dF. - dgAdv < ^(5; n) 



for every a E Xs and < s < s. 

We put Vs = KsOXsioiOK s < min{ro, ri}/1000. Then we have v{Vs)/v{Bsix)) > 
1 — ^((5; n). We fix < s < min{ro, ri}/1000. We also take a G K and sufficiently small 
t > 0. By an argument similar to the proof of Claim [37i4l we have 

Fj = fj + constant ± \E'((5; n)t 

on Btia). We put Ut = Bt/2ia) n Ft. Then we have v{Ut)/v{Bt/2{a)) > 1 - ^(5; n). For 
Pi,P2 £ Bt/2{<y) n Ft satisfying pi ^ P2, if we put t = pTTp-i > 0, then we have 

m 

(/l(Pl)v--,/KPl)>MH'---''"<-!H(^l))'(.^l(^2),.--,/z(P2),^^(a)(P2),... ,rt„^_,(a)(P2)) 

(77) 

= (FliPl),... , i^/(Pl), r^(„),... , r^J^_,(a)(Pl)), {Fi{p2),... , FKP2), '"«,t(a)(P2),- ,'^«;^_,(a)(P2)) ± ^^ 

(78) 

= (1 ± <5)pr7p^ ± ^t = (1 ± ^)pr7p^. 

Therefore we have the assertion. D 

Lemma 3.53. Let {Y,y,v) be a Ricci limit space, I a positive integer integer, fi, /(I < 
i < I) Lipschitz functions on Y and A a Borel subset ofY. We assume that for a.e. x G A, 
span{c//i(x),... ,dfi{x)} = T*Y . Then, for a.e. x E A, there exists bi{x),... ,bi{x) G R such 
that 



lim , 



dv = 0. 



I 2 

1 /" 

df - ^bi{x)dfi 

i=l 

Proof. Without loss of generality, we can assume that for every x E A, {dfi{x)} is a 



base of T^y. For every x G A, we put 

(6i(x),...,6i(x)) = {{df,dfi){x),...,{df,dfi){x))^J{{dfi,dfj){x))ij . 
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By Corollary 17. 6[ for a.e. x G A, we have 

1 



lim 



r^O v{Br{x)) Jb^^^) 

..... ^f 

r^Ov{Br{x)) Jb,{x) 



lim 



\df\'dv = |rf/p(x), 
{df,dfi)dv = {df,dfi){x) 



for every i and 



lim 



1 



r-^Ov{Brix)) Jb,(x) 

for every i, j. Therefore, for a.e. x G A, since 



{dfi,dfj)dv = {dfi,dfj){x) 



(79) lim 

(80) 

(81) 
and 
lim 



lim — / X X I 

r^Ov{Br{x}) Jb,[x) 
1 



\df\^dv = \df\\x) 



^k{x)dU 



X] 



i=l 



"A^O v(B (x)) I \ ^•^' 5Z ^i(^)^fi ) ^^ = 5Z ^»(^)(^/' ^/»)( 



X 






^Hx) {^bj{x)dfj,dfi 



[X 



i=l 
I 



d=l 



'^bi{a)dfi{x) 



i=l 



y^^bi{a)dfi 



i=l 



r^Ov{Br{x)) Jb,[x) 

we have 

(82) lim \ 

r-^0t;(5,(x))7B^(,,) 



rfw = ^ 6i (x)6j (x) (c?/i, rf/j) (x) 



«J 



^hi{x)dfi 



X 



i=l 



df -^hi{x)dfi 



dv 



^3) 
B4) 



lim - , 

r^O V(B, 



+ lim 



1— -/ \df\'dv -2lim \ [ (df,J2Hmi)dv 

I 

^h{,a)dfi 



r^Ov{Br{x)) Jb,(x 



i=l 



dv = 0. 
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Theorem 3.54 (Rectifiability associated with Lipschitz functions). Let {Y,y,v) be a 
Ricci limit space, I a positive integer, /j(l < i < I) Lipschitz functions on Y , A a Borel 
subset of Y . We assume that {fi{x),... , fi{x)} are linearly independent for a.e. x G A. 
Then, there exist < a{n) < 1, a collection of compact sets {Ck,i}i<k<n,ie'N C A, points 
{xk,i} G A and {xl^}i<s<k-i G Y satisfying the following properties: 
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1- ^(^\Uk.<„..n^m) = 0. 

2. For every I < k < n, x E IJieN ^k.i o,nd < 5 < 1, there exists z G N such that x G 
Ck,i and that the map (pk^i = {{fi{z),... , fi{z))J{{dfi,dfj))ij{xk,i) ,r^i ,... ,r^k-i) 

'^■,1' k,i 

gives a (1 ± 6)-bi-Lipschitz equivalent to the image 4'k,i{Ck,i)- 

3. Cfc,c7^,,„(„)^n■:;(>^\(c,. u{xy)). 

4- The limit measure v and k-dimensional Hausdorff measure H^ are mutually abso- 
lutely continuous on Ck,i- Moreover, v is Ahlfors k-regular at every x G Ck^i- 

Proof. We take a collection of Borel subset {Cl-} of Y and a collection of points 
{x[ j} in Y as in Theorem 13 .171 For convenience, we put x\^ = y, Ck,i = C^i- By Lemma 
I3.14[ we can assume that Ck,i is bounded for every i, k. By the definition of T*Y (see 
section 4 in [1] or section 6 in [9j for the detail), we have spanjdrj,! _(x),... , dr^k (x)} = T*Y 
for a.e. x E C^^. Therefore, by the assumption, we have v{A n Ckd) = for A; < /. Since 

^ ( ^A U ( n ( U Leb (0(^.1 \ {^) n (^^)5,r 

V r>0 \(5>0 \r>0 \i,j 

by Lemma 13.501 and Lemma I3.53[ we have the following claim: 

Claim 3.55. For every k > I and i G N, there exists a Borel set Ak^i G A n Ck,i 
satisfying the following properties: 

1. v{AnCk,i\Ak,i) = ^- 

2. For every x G Ak^i and < 5 < 1, there exists rf > such that for every < s < rf , 
there exists a compact set K{x, 6, s) C Bs{x) satisfying the following properties: 

(a) v{K{x, 6, s))/v{Bs{x)) >l-6. 

(b) For every a G K{x, 6, s) and every sufficiently small t > 0, there exist points 
w{i, X, 6, s, a, t) G F(l < i < k — I) and a compact set U{x, 6, s, a, t) C Bt{a) 
such that the map 

^x, ,s,a, ^ ((/^,... , fi)A{x), ru,(l,x,S,s,a,t),- , ru){k-l,x,5,s,a,t)) 

from U{x,6,s,a,t) to iV^, gives (1 ± 6)-bi-Lipschitz equivalent to the image. 
Here, 

15) A{x) = J [lim——-— {dfs,dft)dv 



s,t 



^6) = ^i{dfs,dft){x))s,t \ 
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We put Ak^i = Leh{Ak^i). For every N E N and x G A^^i, we take < s^ < 
uim{rx , A^""*^} satisfying 

v{B,N{x)nAk,i) ^ ^ _ ^-1 

We take K{x, N-\ sf ) as in Claim [3351 We put K{x, N-\ s^) = K{x, N~\ sf ) n Ak,i. 

Thus, we have 

vfB,Mix)nKix,N-\s^)) 

-^ ^ > 1 - lOOiV-i. 

For every a G K{x,N~^,s^), there exists a sufficiently small < t = t{a) < N^^ such 

that 

v{Bi{a)nAk,^) 



>1-N-^ 



v{Bi{a)) 

for every < t < t. We take w{i, x, N~^, s^ , a,t) and U{x, N~^, s^ , a,t) as in Claim [37551 

We put U{x, N~^, s^ , a, t) = U{x, N~^, s^ , a, t) fl A^^i- Then we have 



V (B{{a) n U{x, N~\ sf , a, i)) 



> 1 - 1000A^"\ 



v{Bi{a)) 

By Lemma 12.121 it is not difficult to check that the following claim: 

Claim 3.56. With same notation as above, there exist Xj^ G A^^i, a^ G K{Xj^ , N~^, s^) 
and < tj^ < t{a^) such that 



V 



( A,A U f>«,A^"S4,«f,f ) ) < ^{N^'-,n)v{B,,{A,,)). 



We put t/(j, N) = t/(xf , N-\ s^^, af , t(af )), w{i,j, N) = w{t, xf , N-\ s^^, af , t(af )), 

UU) = n^oeN {[Jn,>No UU, iVi)) and f/(j, N) = U{j, N) n f/(j). Then we have t;(Afe,, \ 
UjeNUU)) = and [j^^^U{j,N) = f/(j). We fix j. We take ^ G [jj,^^U{j,N) and 
< 5 < 1. There exists A^o such that w G U{j,N(,). We take ^"1 satisfying A^f^ << 5. 
Since w G IJAr2>Afi ^(j'^a), there exists A^2 > ^1 such that w G U{j,N2). Especially we 
have w G f/(j, A^2)- Thus the map Gj^Af^ = ((/i,... , /i)A(xf^),r^(ij,Af2),.- ,^«;(fc-i,i,Af2)) from 
f/(j, A^2) to R'^, gives (1 ± A^2'^)"bi-Lipschitz equivalent to the image. Especially, Gj^n^ 
gives (1 ± (5)-bi-Lipschitz equivalent to the image. Therefore, we have the assertion. D 

Remark 3.57. Radial rectifiability theorem (Theorem 13. 17p corresponds to Theorem 
13.541 for a distance function r^. 



54 



We shall give two corollaries of Theorem l3.54[ For metric space X, we define a distance 
on R>o X X/{0} X X by 



{ti,xi), {t2,X2) = Jtl + tl- 2tit2 COS min{xi, X2, tt}. 

Let C{X) denote this metric space and p = [{0,x)] G C{X). 

Corollary 3.58. Let X be a compact geodesic space, I a nonnegative integer. We 
assume that I < n, divdHX = n — I — 1, (R' x C{X), {Oi,p)) is an (n, —1)-Ricci limit 
space. Here p G C{X) is the pole. Then, X is H^~^~^ -rectifiahle. 

Proof. We define 1-Lipschitz functions ttj{1 < j < I) and f^ on R'^ x C{X) by 
'n'j{ti,... ,ti,w) = tj and g{ti,... ,ti,w) = p,w. By Theorem 13.331 we have {dTTi,dTTj){a) = 
6ij, {d'n'i,dg){a) = 0,\dg\{a) = 1 for a.e. a G R'^ x C{X). Therefore, we can take 
a collection of {Ck,i}i+i<k<n as in Theorem 13.541 for Lipschitz functions '7ii,...,Tri,g and 
A = 'R! X C{X). By an argument similar to the proof of Lemma I7.2H the product 
measure //' x if"^' on R' x C{X) is equal to if". Therefore by Fubini's theorem, we have 

= ff"(R' X C(X) \ U Ck,) = j ^ H^-\{tu... , ti} X C(X) \ U C,,)dHK 

Especially, we can take (ti,... , ti) G R' satisfying i7"-'({ti,... , ti} x C(X) \ [j Ck,i) = 0. We 
put Ck,i = {tiy ,ti} X C(X) n Ck,i and regard it as a subset of C(X). By an argument 
similar to the proof of Proposition I7.22[ we have 



fOO 

rn—l I I fJZjn—l — 1, 



f fdH""-' = I I fdH"-'-'dt 

Jc{X) Jo JdBtip) 

for every / G L^{C{X)). (This is co-area formula for distance function from the pole on 
C(X)). Especially, we have 



H^-'-\dBtip) n C(X) \[jCk,i) = 



k,i 

for a.e. t > 0. Then it is not difficult to check the assertion. D 



Remark 3.59. With same notation as in Corollary 13.581 for every x E X and r > 0, 
we have < H^^^^^{B^.{x)) < oo. It follows from [71 Theorem 5.9], [HI Theorem 4.6] and 
co-area formula for distance function from the pole on C{X). Since it is not difficult to 
check it, we skipped the proof. 

Similarly, we have the following: 

Corollary 3.60. Let (X, x) he a pointed proper geodesic space, I a nonnegative inte- 
ger. We assume that I < n, dim/^X = n — l, (R' x X, (0/, x)) is (n, —1)-Ricci limit space. 
Then, X is H"'~''-rectifiable. 
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4 Convergence of Borel functions and Lipschitz func- 
tions 

In this section, we will give several notions of convergence of a sequence of Borel functions. 
By using these notions, we will define a notion of convergence of differential of Lipschitz 
functions (see Definition I4.18p . Moreover, by using results in section 3, we will discuss 
convergence of harmonic functions. Throughout subsections 4.1 and 4.2, we shall consider 
the following situation: Let (Zj, Zi) be a sequence of pointed proper geodesic spaces, Vi 
a Radon measure on Z^ satisfying Vi{Bi{zi)) = 1, and for every _R > 1, there exists 
K = K{R) > 1 such that for every 1 < i < oo, z ^ Zi and < s < i?, we have 
Vi{B2s{z)) < 2^v^{Bs{z)). We assume that {Zi,Zi,Vi) "-^''' {Zoo,z^,Voo)- We fix 
Xi G Zi satisfying Xi — )■ Xoo- 

4.1 Infinitesimal constant convergence property 

Our aims in this subsection are to define the following notion of infinitesimal constant 
convergence and to give several fundamental properties of it: 

Definition 4.1 (Infinitesimal constant convergence property). Let i? be a positive 
number, w a point in Bji{xoo) and fi a Borel function on Bji{xi){l < i < oo) satisfying 
supj \fi\L°°{Bii{xi)) + |/oo|L°°{_Bfl(xoo)) < OO. We Say that {fi}i has infinitesimal constant 
convergence property to /oo at w if for every e > 0, there exists r > such that 



and 



lim sup — — — — - , 

i^oo Vi[Bt{Wi)) jBtiw,) 



lim sup — . 



Ji f ID r w •1°° ° 



f 7777 TT / fid'^i 



dvi < e 



dvoo < e 



for every < t < r and Wi — )■ w. 



Example 4.2. It is easy to check that for every / G C^{Bji{xoo)), if we put fi = f o(f)i 
and /oo = /, then, {fi} has infinitesimal constant convergence property to /oo at every 

W G Br{Xoo)- 

Example 4.3. If /, is Lipschitz function with supj Lip/j < oo, and /, — )■ /oo, then for 
every w G Bji{xoo), {/«}« has infinitesimal constant convergence property to /oo at if. 

Example 4.4. Let Wi -> w e Br{xoo), r > satisfying Briw) C Br{xoo)- Then, 
{^Bn{x^)\Br{u,,)}i has infinitesimal constant convergence property to "^BR{x^)\Br{w^) at every 
a G Br{xoo) \dBr{w). 
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We shall give a fundamental result for infinitesimal constant convergence property: 

Proposition 4.5. Let k be a positive integer, R a positive number, f- Borel functions 
on BR{xi){l <l<k,l<i<oo) satisfying supi^i{\fl\L^^BR{xi)) + \fL\L^{BR(x^))) < oo, w 
a point in B^{xoo) arid {-Fj}i<j<oo o sequence of continuous functions on R^. We assume 
that {fi}i<i<oo has infinitesimal constant convergence property to fl^ at w for every I and 
that Fi converges to F^o in the sense of compact uniformly topology. Then, the sequence 
{Fi{fl,... , /f )} has infinitesimal constant convergence property to Foo{f^,... , f^) at w. 

Proof. We fix e > 0. We take R,L>1 satisfying that |Ji Image(/j^,... , /•) C Bf^{Ok), 
suPi,i(|/iU-(B«(xO) + IfLlL^iBnix^))) < R and supi |Fi|ioo(B^(o,)) < L. There exists a 
nonnegative valued function b on R>o such that b{t) — )■ as t — )■ and that for every 
t > 0, there exists it such that -Foo(a) = Fi{(3) ± b(t) for every a G -B^(Ofc), i > it and 
/3 G Bt{a). On the other hand, there exists ri > satisfying the following properties: For 
every < s < ri, there exists js such that 



1 



Jb. 



and 



1 



fl- 



1 



f - 

J oo 



VooiBs{w)) 
1 



foodVc 



Bs(w) 



Vi < e 



Vi{Bs{w,)) jB^n,,) 



Voc,{Bs{w)) JB,(w) 

for every 1 < I < k, i > js and Wi -^ w. Especially, we have 

1 /■ „, , 1 



fldvi 



Vr. 



< € 



VooiBsiw)) Js^in,) 



Jb, 



foodVo 



Vi{Bs{wi)) 



[ fldv,±e. 

JBs(wi) 



We fix < s < Ti. Therefore, there exist a sequence of compact sets Ki C Bs{wi) and a 
compact set K^ C B^iw) such that Vi{Ki)/vi{Bs{wi)) > l-\E'(e; K{1)), v^{K^)/voo{,Bs{w)) > 
l-^{e;K{l)) and that 



and 



/i(«) 



fLm 



Vo^{Bs{w)) 7b, H 



fLdvo 



1 



fldvi 



<^{e;K{l)) 



<vI/(e;K(l)) 



Vi{Bs{Wi)) JB,{w,) 

for every js < i < oo, 1 < I < k, a E Ki and (3 G K^o- Without loss of generality, 
we can assume that there exists a compact set K C Bs{w) such that Ki — )• K. We put 
koo = knKoo- By Proposition ETl we have Woo(i^oo)/t^oo(5,(w;)) > 1 - ^(e; K{1)). We 
put 



1 



Vi{Bs{Wi)) Jb,{u,,) 



fldvi 
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Then, there exists kg > js such that 

(87) Foo(/i(«),... , /^(«)) = F^ial,... , al) ± 6(M/(e; 7^(1))) 

(88) =F,{al...,a1)±2b{^{e;K{l))) 

(89) = F,(//(a,),... , /f («^)) ± 36(^(e; i^(l))) 

for every i > kg, a E Koo and a, G i^j with ctj — )■ a. Thus, we have 

(91) = ,1, .. I \F^{fL...Ji)-F^{a]^,...,ai)\dv^±^>{e-K{l),L) 

(92) <?,h{^{t-K{l))) + ^>{t-K{l),L) 
and 

(93) 

(94) 

(95) <36(*(e;ir(l))) + M/(e;ir(l),L) 

for i > kg- Moreover, we have 

(96) 



= .J'. ., [ \F,ifl,...Jt)-F,{al...,a^)\dv.±^{e;K{l),L) 



VooiBsiw)) Jb4w) 

(97) 

Voo{Bs{w)) Jk^ 

(98) 
= (1 ± v]/(e; i^(l)))(F^(a^,... , a^) ± 6(M/(e; 7^(1))) ± ^{e; 7^(1)) 

(99) 
= (1 ± M/(e; K{l))m{al,... , af ) ± 6(^(e; i^(l))) ± ^{e; K{1), L) 

(100) 
= (1 ± vl/(e; 7^(1))) f ^ / F,(//,... , /f )rft;. ± 36(^(e; 7^(1)))) ± v[/(e; 7^(1), L) 

V^i(^s(wi)) ix, / 

(101) 
= (1 ± M/(6; ir(l))) f ,^, ,, / F,(//,... , ff)dv, ± 36(vl/(e; 7^(1)))) ± ^>{e- K{1), L) 

for i > kg- Therefore, we have the assertion. D 
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Remark 4.6. By the proof of Proposition 14.51 we also have the following: Let k 
be a positive integer, fl Borel functions on Bji{xi){l < I < k,l < i < oo) satisfying 

suPj,i(|/i|L°°{Bfl(x,)) + l/(LU°°{Bfl(xoo))) < oo, w a point in Bn{xoo) and {Fi}i<i<oo a sequence 
of locally L°° functions on R'^. Assume the following: 

1. {/i}i<i<oo has infinitesimal constant convergence property to /^^ at w for every l. 

2. The limits 

^' = ^^^ fn t \\ I fLdVoo 

r^O Vo^{Br{w)) J B,.(^^) 

exist for every /. 



3. There exists an open neighborhood [/ at (a^, ■ ■ ■ , a^) G R'^ such that Fi is continuous 
on U for every 1 < i < oo and that Fi converges to F^o on U uniformly. 

Then, the sequence {Fi{fl,... , ff)} has infinitesimal constant convergence property to 
FUfl,...,fi)^tw. 

For Ricci limit spaces, we shall give a sufficient condition to satisfy infinitesimal con- 
stant convergence property for radial derivative of Lipschitz functions: 

Proposition 4.7. Let {{Mi, rrii, vol)},- be a sequence of pointed connected n- dimensional 
complete Riemannian manifolds with RicM^ > —{n — 1), {Y,y,v) be a pointed proper 
geodesic space with Radon measure v, R a positive number, Xoo a point in Y , xi a point 
in Mi, fi a C"^ -function on Bji{xi) and /oo a Lipschitz function on i?/j(x). We assume 
that supj Lip/j < cx), (Mj, rrii, Xi, /i,yol) "-^''' {¥, y, x^o, /oo, v) and that 

sup / |Hess/. I^dvol < oo. 

i Jbr{x,) 

Then, there exists a Borel subset A C Bji{xoo) such that v{Bji{xoo) \ ^) = and that 
for every z G A and Wi ^ w ^ Y , the sequence {{dru,^,dfi)} has infinitesimal constant 
convergence property to {dr^,dfoo) at z. 

Proof. We fix e > and take L > 1 satisfying 

^^P ( 1 p / N / iHess/J^dyol + Lip/^ ) < L. 

i \Yg[BR{Xi) Jbr{x,) J 

By Theorem 13.331 there exist < r^ << e and a Borel subset X{e) C Br{xoo) \~\'D1\Br,{z) 

such that 

v{BR{x^)\X{t)) 



v{Br{Xoo)) 
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<e 



and that 



/oo o-f{z,a + h) - /oo(«) 



h 



{dr^,df^){a] 



< e 



for every a E X^e), h satisfying < \h\ < 7] and isometric embedding 7 from [0,^7^ + rj] 
to Y with 7(0) = z and ^{z, a) = a. By Corollary I7.6[ there exists Borel set X{e) C X{e) 
such that v{X{e) \ X(e)) = and that 



lim 



\{dr^,df 00) - {dr^, df 00) {a)\dv = 



t->o v{Btia)) Js^ia) 
for every a G X{e). For every a G X{e), there exists r(a) > such that 

\{dr^,dfoo) - {dr^,dfoo){a)\dv < e 



v{Bt{a)) Jb,(^o.) 



for every < t < r(x). We put / = r] ' . By an argument similar to the proof of 
Proposition 13. H for every i, there exists a compact subset Ki C BR^^{xi) such that 

yol(5^„,(xi) \Ki 



and that 



yol5/j_,(xj) 
1 



<^(/~V,i?,^) 



Hess/. pfiyol < / 



vol Bt{w) Jb,(w) 

for every w E Ki and < t < e/100. Without loss of generality, we can assume that there 
exists a compact set K^o C Bji{xoo) such that Ki — )■ i^oo- We put W{e) = K^o H X{e). 
By Proposition 12.141 we have 

v{W{e)) 



v{Br{Xoo)) 



> l-^(e;n,i?,L). 



We fix a G W{e), <t << min{r7,r(a)} and an isometric embedding 7 from [0,^7^ + 7]] 
to Y satisfying 7(0) = z and 7(^7^^) = ct- We take ctj G Ki satisfying ctj — )■ a. We define 
a Borel function Fj on Bt{ai) \ {Cz^ U {2:4}) by 



Fm 



/,o7^(z„/3-r/2)-/,(/3) 



Here 7/3 is the minimal geodesic from Zi to f3. By an argument similar to the proof of 
Claim [233 we have 



(102) 
(103) 



1 D . X / I {dfi, dr^^) - Fi I c?yol 

vol i^t(ai) JBt{o.,) 



< 



C{n) 



yol5iot(a,; J B,ot{a,) 



|Hess/J^rfyol < 7fC{n)l < ^(e;n) 
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for every i. We take tQ satisfying that ti « t for every i > iq. For every i > io and 
/3j G Bt{ai), we remark that (f)i{f3i), a <t + ti < rf. Then, since 

-^"^rfy — 7— — n^'^dy . -n^'^dy 



we have 



Similarly, we have 



zAi{lfiAzi,Pi-V^)) +<t>i{lf}Xzi,Pi-V^)),l{z,a + v) -z,l{z,a + v) < ^V 



(l)i{-fpXzi,Pi-V^)),-f{z,a + r]) >r] ^-r], 



-»? ^dy 



(f)iill3Azi,l3i-V^)),z >v^-v 

and 



-Tj ^d 



(j)i{'yfi,{zi,/3i-ri^)),a =l±5r]. 

Therefore, by splitting theorem, we have 



-^-^d 



Y 



Thus we have 



(105) ^/oo(7(^-r,y)-/^(a)^^^^.^^^^ 

(106) =(rfr„rf/oo)(a)±^(r/;n,L). 
Especially, we have 

-— — / |Fi-(rfr^,rf/oo)(a)Myol< ^(r7;n,L) 



Y^Bt{ai) JB,(a, 



for 2 > zo. Therefore if we put W = ClN^^MN^yN, ^^(^2"')), then v{Br{xoo) \ W^) = 0, 
{{drz^,dfi)} has infinitesimal constant convergence property to {dr^^df 00) at every w G 
W. D 

Remark 4.8. We shall introduce the following important method to get some uni- 
formly Hessian estimates by using cut-off functions with good properties by Cheeger- 
Colding: Let (M,m, vol) be a pointed connected n-dimensional complete Riemannian 
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manifold with renormalized measure satisfying RicA/ > — (n — 1), R a positive number 
and / a C^-function on BR{m). We assume that there exists L > 1 such that 

\Vf\L^iB,im)) + -r^-J-T I I A/Prfvol < L 

vol JjR[m) JBjiim) 

Then, we have 

— — — - — - / I Hess f p(ivol < C(n,r, i?, L) 
vol5^(m) yB^(^) 

for every < r < R. The proof is as follows. By standard smoothing argument, without 
loss of generality, we can assume that / is a smooth function. There exists a smooth 
function on M such that < < 1, (p\Brim) = 1, supp0 C BFi{m), |V0| < C{n,r,R) 
and |A0| < C{n,r,R) (see for instance [H Theorem 8.16]). By Bochner's formula, we 
have 

-iA|V(0/)|^ > lUess^fl' - (VA(0/), V(0/)) - {n - 1)|V(0/)|^ 

Thus, we have 

(107) ^ [ |Hess/|2rfyol 
yol5.,(m) iB^(^) 

(108) < ^^!';J'f\ I iHess^^pciyol 

(109) < ^^!';!f\ I {H^f)f rfvol + C(n, i?, L) 

YOi BR{m) Jsnim) 

(110) ^ 2C(n,ri?) j (^f^^Y^^^^fY^\(yf^^^^\2^^^c{n,R,L) 

vol 5k (m) JBaim) 

(111) <C{n,r,R,L). 

This observation performs a crucial role to study limit functions of harmonic functions. 

The following proposition follows from Lemma 13.401 directly. 

Proposition 4.9. Let {(Mj,?7ij,yol)} be a sequence of pointed connected n- dimensional 
complete Riemannian manifolds with renormalized measure satisfying Ric^f- > —{n — 1) , 
{Y,y,v) be a Ricci limit space of {(M,;,r?t,;, vol)},;. Then for every w^jw"^ ^ Y , z & 
Y \ {C^i U C^2 U {w\w^}) and wl — )■ w^ G F(j = 1,2), the sequence {{dr ^i , dr ^2)} has 
infinitesimal constant convergence property to {druji^,drw2^) at z. 

4.2 Infinitesimal convergence property 

In this subsection, we will give a notion of infinitesimal convergence property and its 
fundamental properties. 
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Definition 4.10 (Infinitesimal convergence property). Let i? be a positive num- 
ber, w a point in Br^Xoo) and /j a Borel function on _Bj:j(xj)(l < i < oo) satisfying 
supj \fi\L^(BR{x,)) + |/oo|L°°{Bfl(xoo)) < OO. We Say that {fi}i has infinitesimal convergence 
property to /oo at w if for every e > 0, there exists r > such that 



hm sup 



Vi{Bt{Wi)) JBtiw,) Voo{Bt{w)) Jb,{w) 



< e 



for every < t < r and Wi — )■ w. 

It is clear that if the sequence {fi}i has infinitesimal constant convergence property 
to /oo at w, then {/j}j has infinitesimal convergence property to /oo at w. We skip the 
proof of the next proposition because it is not difficult. 

Proposition 4.11 (Linearlity of infinitesimal convergence property). Let R he a pos- 
itive number, ai, hi, Ci, di Borel functions on Bji{xi){l < i < oo), w a point in Bfi{xoo)- 
We assume that supj(|aj| + \bi\ + |cj| + |(ij|)ioo(^^(^..-)) < oo and that {aj}j, {&«}« have 
infinitesimal constant convergence property to aoo,&oo at w, respectively and {cj}j, {di}i 
have infinitesimal convergence property to Coo,rfoo at w, respectively. Then {aiCi + bidi} 
has infinitesimal convergence property to OooCoo + b^od^ at w. 

The next proposition follows from an argument similar to the proof of Proposition 

EH 

Proposition 4.12. Let R be a positive number, Ki a Borel subset of Bfi{xi) and fi 
a nonnegative valued Borel function on Bji{xi){l <i< oo) satisfying supj \fi\L°°{BR{x,)) + 
\foo\L°°{BR{xac,)) < oo. We assume that K^o is compact, \im.supi_^^Ki C i^oo and that for 
a.e. w G Koo, {fi} has infinitesimal convergence property to /oo at w. Then we have 



limsup / fidvi < / foodvoc- 

We shall state a fundamental result for infinitesimal convergence property: 

Proposition 4.13. Let R be a positive number, Ki a Borel subset of B^i^Xi) and {fi}i 
a Borel function on Bii{xi){l < i < oo) satisfying sup i \fi\L^{BR{x,)) + \foo\L°°{Bii{xoa)) < ^■ 
We assume that K^o is compact, lim supj^^^ i^j C K^o and that for a.e. w G K^o, {^Ki}i 
and {fi}i have infinitesimal convergence property to Ikoo' /oo at w, respectively. Then, 
we have 

lim / fidvi = / foodvoo- 
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Proof. We fix e > 0. We take L > 1 satisfying sup, \fi\L°° + |/oo| +'Uoo(-Bij(xoo)) < L. 
There exists a Borel subset Koo C K^o satisfying the following properties: For every 
w G Koo, there exists t^ > such that BiQt^{w) C Br{x) and that 



lim sup 



fidvi - 



Vi{Bs{Wi)) Jbs{u,,) VooiBsiw)) 7b^(^) 



foodVc 



<e, 



Voo{Bs{w)) 



> 1-e 



and 



lim sup 



/p / XX / IxA'^i .p . XX / '^K^dVoo 

Vi{Bs{Wi)) Jbs{w,) Voo{Bs{w)) is^(^) 



< e 



for every < s < t^ and Wi — )■ w. By Lemma I2.12[ there exists a pairwise disjoint 
collection {BrXxi)}i such that a;i G iCoo, ''^i << ^x^, and that i^oo \ Uj=i-^n(^i) '^ 
Ui^iv+i^5n(a;j) for every A^. We take A^ satisfying Y.'^N+i'^'^i^rX^i)) < ^- Then, we 
have ^^jv+i''^oo(-^5n(^i)) < S^-^'^-'^^e. We take Xj(j) G Z^- satisfying Xj(j) — )■ Xj. Then we 
have 



(112) / foodv^ =y2 [ 

Jk^ .^1 Jb 



foodVoo ± / _ \foo\dVo 



N 



(113) 
(114) 
(115) 
(116) 



J2 / foodv^±^ie;K{l),L) 



N 



V / /,c?t;,±v[/(e;ir(l),L) 

i=l JBr^ixiiJ)) 

N 

J2 I f,dv,±^{e;K{l),L) 



i=l 



Bri{Xi{j))nKj 



I fjdv, ± ( / 



\f,\dv, + ^{e;K{l),L) 



KAljtlBr^{x^U)) 



for every sufficiently large j. On the other hand, by Proposition 12. 5^ Proposition 12.61 and 
Proposition 12.141 we have 

N 

(117) lim sup / _ \fj\dvj <L\imsupVj{Kj\\\BrXxiU))) 

N 

(118) <Li;oo(i^oo\|J^n(^^)) 

(119) <^{e;K{l),L). 



Therefore, we have the assertion. 



D 
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Remark 4.14. Proposition 12.161 also follows from Example 14. 2 [ H^ and Proposition 
Sis] directly. 

Next corollary follows from Proposition 14.131 directly. 

Corollary 4.15. LetR,ri be positive numbers, N a positive integer, {zj}i<j<n points 
in Y and fi a Borel function on Br{xj){1 < i < oo) satisfying supj \fi\L°°(Bii{xi)) + 
|/oo|L°°(Bfl(xoo)) < oo- We assume that for a.e. w G Bf.{x^) \ U^^i^nl^i), {fi}i have 
infinitesimal convergence property to foe at w. Then, we have 



lim 



fjdVj 



foodVc 



BR{Xoo)\[J"=lBr,{z,) 



for every Zi{j) -)■ Zi. 

We end this subsection by giving the following proposition: 

Proposition 4.16. Let Ai be a Borel subset of BR{xi) and w e LebAoo- We as- 
sume that {lyiiji has infinitesimal convergence property to 1a^ at w. Then {Ia^} has 
infinitesimal constant convergence property to 1a_^ at w. 

Proof. We fix e > and take a sequence Wi — )■ w. There exists r > such that 

VooiBtiw)nA, 



and 



lim sup 



1 



Voo{Bt{w)) 
^A.dVi 



> 1-e 



1 



for every < t < r. We fix < t < r. Then we have 



^A^dVoo 



< e 



(120) 



1 



(121) < 

(122) 

(123) 



1 



1 



1 



1 



u- 



Vi{Bt{Wi)) JBtiwi) 



LA, 



Vi{Ai) 



^A^dVoo 

lA.d^i 



dvi 
dvi + e 



Vi{Bt{wi)) 



Vi{Bt{w,)\Ai) 



dvi + 



dvi + e 
1 



V^{Bt{Wi)) J A, Vi{Bt{Wi)) Vi{Bt{Wi)) JBt{w,)\A, Vi{Bt{Wi)) 



Vi{Ai 



-dvi + e 



124 < 2 '^ ]\ 7 \ , '' + e < 3e + 2e < 5e. 
Vi{Bt{wi)) 
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for every sufficiently large i. Similarly, we have 
1 



(125) 



~ Voo{Bt{Woo)) Jb 



Vi{Bt{Wi)) JBt(w,) 



Voo{Bt{Woo)) JBtiwoc) 






dvoo + e 



(127) <2 ^-™^-^\-^-^ +e<3e 

for every sufficiently large i. Thus, we have the assertion. D 

4.3 Convergence of differential of Lipschitz functions 

The purpose of this subsection is to give a definition of convergence: dfi — )■ rf/oo- See 
Definition 11.11 or Definition 14.181 Throughout this subsection, we fix the following situ- 
ation: Let {(Mj, mj, vol)} j be a sequence of pointed, connected n-dimensional complete 
Riemannian manifolds with renormalized measure satisfying RicAf^ > — (n — 1), {Y,y,v) a 
Ricci limit space of {(Mj, m^,, vol) },;, R a positive number, Xi a point in Mi, x^c a point in 
Y, fi a Lipschitz function on Bji{xi) and /oo a Lipschitz function on Bb{xoo)- We assume 
that supj(Lip/j + \fi\L°°) < C)0 and that Xj — )■ x^o- 

For w G -Bij,(xoo), we say that fi converges to /oo at w if fi{wi) — )■ foo{w) holds for 
every Wi -^ w. We denote it by /j — )■ /oo at w. It is easy to check that the following 
conditions are equivalent: 

1. {fi} has infinitesimal convergence property to /oo at w. 

2. fi -)■ /oo at w. 

3. {/j} has infinitesimal constant convergence property to /oo at w. 

We shall consider a convergence of energy of Lipschitz functions. See also [5", Corollary 
10.17]. 

Definition 4.17 (Infinitesimal upper semicontinuity of energy). We say that {fi}i 
has infinitesimal upper semicontinuity of energy to foo at w E Br{xoo) if for every e > 
and Wi -^ w, there exists r > such that 

limsup — -/ (LipfifdYol< (LipfooYdv + e 

i^oo yol5j(wi) i5^(^^) t;(5i(«;)) JstM 

for every < t < r. 

By the definition, if {(Lip/j)^}j has infinitesimal convergence property to (Lip/00)^ at 
w, then {fi}i has infinitesimal upper semicontinuity of energy to /oo at w. Next, we shall 
give a definition of convergence of differential of Lipschitz functions: 
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Definition 4.18 (Convergence of differential of Lipscliitz functions). We say that dfi 
converges to dfoo at w G -Br(xoo) if {{drz^,dfi)}i has infinitesimal convergence property 
to {dfoo, dgoo) at w for every Zi ^ z eY and {fi}i has infinitesimal upper semicontinuity 
of energy to foo at w. Then we denote it by dfi — )■ rf/oo at w. Moreover, for a subset A 
of Bji{xoo), if fi — )■ /oo and dfi — )■ rf/oo at every a E A, then we denote it by {fi,dfi) — )■ 
(/oo,c(foo) on v4. 

Proposition 4.19. For etJery Wi ^ w & Y , we have {r^.,drwj -^ {ryj^dr^) on Y . 

Proof. It follows from Proposition 14.91 and Proposition 14.131 directly. D 

The following theorem is the main result in this subsection: 

Theorem 4.20. Let gi be a Lipschitz function on Bji{xi) and A a Borel subset of 
Br{xoo)- We assume that dfi — )■ df^o and dgi — )■ dg^ on A. Then, for a.e. w G A, the 
sequence {{dfi,dgi)}i has infinitesimal constant convergence property to {dfoo,dgoo) at w. 

Proof. By Theorem 13. 171 and Lemma [3.531 there exist a collection of Borel set Aj C 



A \ {xcxi}, positive integers 1 < kj < n and points x{, 
properties: 



• ' -^k 



x{. G F satisfying the following 



1- ^^(^ \ ur=i ^.) = 0- 

3. For every w E Aj, there exists a{, 






,bl, G R such that 



1 



lim , 

r^Ov{Br{w)) Jb, 



^{w) 



dfoo-dl^ 



a,r 



V x' 



+ 



dgoo-d\Y^ bir^j 



1=1 



dv = 0. 



We take w G Aj and a{, . . . , a;[ , 6j, . . . , 6;[ G R satisfying equalities above. We also take 
L > 1 satisfying supj(Lip/j + Lip(yfj) + J2i=iii^iy + (^j)^) — -^- There exists r > such 
that w G IJ/ii(-^% \ Bt{xJ)). We also take sequences xji^i) — )■ xj and Wi — )■ w. We fix 
e > satisfying e << r. Then, there exists < r << e such that 

2 



dfoo-dl^i 



dgoo-dlj2 K^xl 



dv < e. 



v{Bt{w)) JB,{u,) 

limsup— — — — / (Lip/i)^civol < / {U^f^fdv + e, 

i^oo yolEtK) iB^(^^) i^(5i(w;)) ^^(^) 

limsup — -/ {)-'iV>gifdYo[<—-—-— I {hi^goofdv + e, 
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and 



lim sup 



lim sup 



YOI Bt{Wi) Jb 



t{Wi) 



{dfi^dr^j^.Mvgl 



«' — viBtiw)) 



{df^,dr^j)dv 



Bt(w) 



< e 



1 p . s / {dgi, dr ^j.^MyoI {dgoo,dr^ 



■')dv 



< e 



for every / and < t < r We fix < t < r below. Thus, by Lemma I3.40[ we have 



v{Bt{w)) JB,(^) 

and 



{dfoojdg^) 



v{Bt{w)) Jb,(^u,) 



L.Mp^'']AP'''])'" 



dv< ^(e;L) 



(128) 
(129) 

(130) 
(131) 



1 



v{Bt{w)) Jb.^u,) 



{dfoo,dgoo) 



v{Bt{w)) Jstiw) 



{dfoo,dgoo)dv 



dv 



v{Bt{w)) Jb.^u,) 



jUMAh^, 



1=1 

k 



1=1 



viB 

^(e;n,L). 



'^JM¥:M'i?. 



bjr^j 1 ) dv 



dv± \[^(e;n, L) 



On the other hand, for every sufficiently large i, we have 

2 



(132) 

(133) 
(134) 

(135) 
(136) 

(137) 



1 



vg[Bt{wij jBtiwO 



dfi-dl J2^i^xi 



(i) 



1=1 



dvol 



= ,L J \dM'dYol-J2 

vol Bt{w,) jB.inj,) -^ 



a]al 



1,1 



YolBtiWi) Jb,{u,, 



vol Bt{w,) JBtiu,,) 

{dr^Uiydr^j^.^)dYo[ 



{dfi,dr^j^..^)dYo[ 



k 

< ij}, ,, I \dfoo?dv-Y, 
v[Bt{w)) Jb,(^) f^ 



v{Bt{w)) JB,(n,) 



{dfoo,dr j)dv 



a,ai 



Ll 



v{Bt{w)) Jb,^^) 



+ Yl „,^p^i,^^ / {dr^,,dr^j)dv + ^(e; ra, L) 



' I 



v{Bt{w)) jB,{n,) 



dfo.-d\Y^ a\r. 



1=1 



dv + \I^(e; n, L) < \I^(e; n, L). 
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Similarly, we have 



volBtiw^j jSiK) 



dgi-d J]6^^. 



(i) 



1=1 



dvol < ^(e;n,L) 



for every sufficiently large i. Especially, we have 
(138) 



{dfi, dgi) 



- snk) U, {"(t "''■"■"' • ' fe '^'■'■'•' ) - 



VO[Bt{Wi) JBt(w,) 

(139) 
<^(e;n,L). 



Therefore, we have the assertion. 

We remark that Theorem 11.21 follows from Theorem 14.201 directly. 

Corollary 4.21. Let Q be a non-empty open subset of Br[xc 
a.e. WE Q, dfi — )■ dfoo at w. Then dfi — )■ dfoo on Q. 



dvol 



n 



We assume that for 



Proof. The assertion follows from Example 14. 4 [ Proposition 14. 131 and Theorem 14.201 

D 

Corollary 4.22. Let gi be a Lipschitz function on Bii{xi) satisfying supj(Lip(7i + 
|fl'iU°=) < oo and A a Borel subset of Bji{xoo)- We assume that {fi,dfi) -> {foo,dfoc) and 
{gi, dgi) — )■ (f^oo, dg^o) on A. Then, there exists a Borel subset A of A such that v{A\A) = 
and that {fi+gi, d{fi+gi)) -^ (/oo+5'oo, d{foo+goo)) and {figi, d{figi)) -^ (/oofi-oo, d{f^g^)) 
on A. 



Proof. By Theorem 14.201 there exists a Borel subset A oi A such that v{A \ A) = 
and that {|(i/jp}j, {{dfi,dgi)}i and {|(i5'ip}i have infinitesimal constant convergence prop- 
erty to \df ool"^, {dfoo, dgoo) and {dgool"^ on A, respectively. Since |ci(/j5'i)P = fi\dgi\^ + 
'^figi{dfi,dgi) + gildfil"^, by Proposition 14. 5[ we have, {|<i(/ifi'j)P}i has infinitesimal con- 
stant convergence property to /iM^fooP + 2/oo5'oo(c(foo, dgoc) + g'L\dfoo\'^ = M(/oo5'oo)P on 
A. On the other hand, since d{figi) = gidfi + fidgi, by Proposition 14.111 for every Zi — )■ 
z, we have, {{drz^,d{figi))}i has infinitesimal convergence property to goo {dr^^, dfoo) + 
foo{drz^,dgoo) = {dr^^, d{f oogoo)) on A. Therefore we have (/i^f,, d(/i5fi)) -)■ (/ooS'oo, <^(/oofl'oo)) 
on A. Similarly, we have (/» + gi, d{fi + gi)) -^ {foo + fi-oo, d{fi + gi)) on A. D 

Corollary 4.23. Let Ki be a Borel subset of Bji{xi) and gi a Lipschitz function on 
B^ixi) satisfying sup^CLipgi+lgilioc) < oo. We assume that Koo is compact, limsupj^^^ C 
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Koo and that for a.e. w G K^o, ^Ki has infinitesimal convergence property to 1k^ at w, 
dgi — )■ dfoo and dfi — )■ df^o at w. Then for every sequence of continuous functions Fi on 
R satisfying that Fi converges to F^o in the sense of compact uniformly topology, we have 



lim [ Fii\dfi- dgi\)dYol = F^iO)viK, 
*^°° Jk, 



Proof. The assertion follows from Proposition 14.51 Proposition 14.161 and Theorem 

Km n 

Remark 4.24. By several arguments in section 3 and the proof of Theorem 14.201 we 
can also prove the following: If {fi}i satisfies, 

1. {fi}i has infinitesimal upper semi continuity of energy to /oo at every a G Br{xoo), 

2. there exists a dense subset A of Br{xoo) and a Borel subset A of Br{xoo) such 
that v{Br{xoo) \ A) = and that for every w E A and wi — )■ w, {{drwi,dfi)}i has 
infinitesimal convergence property to {dr^.dfoo) at every a G A, 

then, dfi -)■ rf/oo on Br{xoo)- 

Remark 4.25. Similarly, for a sequence of Ricci limit spaces {{Yi,yi,Vi)}i and a se- 
quence of Lipschitz function fi on B^{yi), we can also define a notion of convergence: 
dfi — )■ dfoo and prove several properties as above. 

Remark 4.26. For fixed Ricci limit space {Y,y,v), a sequence of Lipschitz functions 
fi on BrIjj) satisfying supj Lip/j < oo, we have, dfi — )■ rf/oo on B^^y) (in the sense of 
the convergence (Y, y, v) ' '^^"'^" (Y, y, v)) if and only if |Lip(/i - foo)\LHBR{y)) -^ 0. We 
shall check it. By Corollary I4.23t it suffices to check that 'if part. We assume that 
|Lip(/j - foo)\L^{BR(y)) -^ 0. Then, especially, for every w G BR{y), {fi}i has infinitesimal 
upper semicontinuity of energy to /oo at w. On the other hand, by Proposition I4.19[ we 
have 

lim / Idr^ — dr^ \'^dv = 

for Xi — )■ Xoo G Y. Therefore, {{dr^^idfi)} has infinitesimal convergence property to 
{dr^^,df^) at every w G 5^(y). Thus, dfi -^ df^ on BR{y). 

We will give a sufficient condition to satisfy infinitesimal upper semicontinuity of 
energy in the next subsection. See Proposition 14.331 
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4.4 Approximation theorem 

Throughout this subsection, we shall use the following notation (same to previous subsec- 
tion): Let {(Mj, m,;, vol)},; be a sequence of pointed, connected n-dimensional complete 
Riemannian manifolds with renormalized measure satisfying RIcm^ > —{n — 1), (1^, y, v) a 
Ricci limit space of {(Mj, -mj, vol)}, R a positive number, xi a point in Mi^ x^o a point in Y 
satisfying (Mj,mj,,x,;, vol) "-4' ' {Y,y,Xoo,v). The purpose in this subsection is to give 
an approximation theorem (Theorem I4.27p . Roughly speaking, it means that for given 
Lipschitz function on i?/j(xoo), there exists a sequence of Lipschitz function on Bji{xi) 
approximating the function in the sense of the topology: (/«, dfi) — )■ (/oo, dfc^)- 

Theorem 4.27 (Approximation theorem). Let L,R be positive numbers, /oo a L- 
Lipschitz function on B^{xoo), Ai a Borel subset of B^{xi), A^o a compact subset of 
Br{xoo) and fi a L-Lipschitz function on A^. We assume that limsupi^^Ai C A^o 
and that /ooUoo ^^ an extension of {fi}i asymptotically. Then, for every e > 0, there 
exist an open set Q^ C Bji{xoo) \ A^o, C{n,L) -Lipschitz function f^ on Br{xoo) and a 
sequence of C{n,L) -Lipschitz function fl on Bji{xi) such that {fl.dfl) — )■ {f^,df^) on 
^e, f^\A^ = /Uoo; fi\A, = /iU, and that 

Proof. We fix sufficiently small e > and ^ > 0. (We will decide ^ later.) By 
Lemma [3.141 and (the proof of) Theorem 13.171 there exist a (pairwise disjoint) collection 
of Borel set Ej C Br{xoo), positive numbers Tj > 0, positive integers 1 < kj < n and 
points x{, . . . ,xl, eY satisfying following properties: 

1. v^{Br{x^)\[J^Ej)=0. 

3. For every w E Ej, 

{dr ,,dr j){w) = lim / {dr j,dr j)dv = 5, f ± e 

4. For every w E Ej, there exist a{{w), . . . , aj^Xw) G R such that 

df-dlY,ai 



lim 



r^O v{Br{w)) Jb^(^u,) 



{w)r^,^ 



1=1 



2 

dv = 0. 
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For every w G Ej, there exists < r^, « Tj such that Btiw) C Br{xoo) and 

2 



1 



viBtiw)) Js, 



;{«;) 



df-d{j2 



a,r 



1=1 



dv < e 



for every < t < r^. We put X = IJfci(-^j \ -^5^(^00))- By Proposition 12. 12t there exists 
a pairwise disjoint collection {BrXzi)}i C Br(xoo) such that Zi G X, ri « minlr^., e, ^} 
and X \ IJj=i-^n(-^«) *^ Ui^iv+i -^5ri(-2j) for every A^. For every i, we take /(i) satisfying 
Zi G -Ei(i). We fix A^ satisfying Yl'tLN+i'^i^ni^i)) < ^- We take sequences 2;j(j) -^ Zi and 
^m(j) ""^ ^m- We define a function F/ on BrXzi{j)) and a function Fj on Br^z-i) by 



•=i(») 



i? = E -''^ 






m=l 



m=l 



Here Cj is the constant satisfying Fj(zj) = /oo(-2j)- 

Claim 4.28. M^e have IjvpFi + LipFj < C(n, L) /or ever?/ i, j. 
The proof is as follows: Since 



(140) 
(141) 

(142) 

(143) 

(144) 

and \dfoo\{zi) < L, we have 



s,t 



J]afal«(5,,±. 



s.t 



l{i) 



;i±e)B«i'^)'±^E 



ai«llal«| 



s=l 

l{i) 



s=/=t 



m 



{l±e)J2i<^'^y±ne;n)J2i 



A{i)^2 



s=l 



m 



:i±^ie;n))J2iaf^f 



s=l 



Ki 



J2(<^Ty<L' + ne;n,L). 



m=l 



Therefore we have Claim IT281 

Since {Br-{zi{j))}i<i^iy are pairwise disjoint for every sufficiently large j, we de- 
fine a function Fj on Um=i ^(i-5)r.>(^i(j)) and a function F^ on Um=i ^(i-?)n(^i) by 

P I rpi I F I Pi 
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Claim 4.29. We have LipFj,LipFoo < C{n,L) +^ ^\l/(e;n, L) for every sufficiently 
large j. 



The proof is as follows. By Claim I4l28l for every i,j, we have Lip(Fj|;g 



(l_^)r.(2i(i))' 



+ 



Lip(Foo|;B ^_ (2.)) < C{n,L). There exists jo such that e^ << minj^ri,... ^^r^} for ev- 
ery j > jo- We fix j > jo, 1 < / < m < A^, wi{j) G 5(i_^),.,(z;(j)) and w^^{j) G 
^(i-SVml^mO'))- Since Br^{zi{j)) n Br^{zmij)) = 0, by taking a(j) G dBr,{zi) satisfying 
i^iU),a{j) + a{j),w„^{j) = wi{j),Wm{j), we have wi{j),WmiJ) > wi{j),a{j) > ^n. Sim- 
ilarly, we have wi{j),WmiJ) > ^rm- Thus, we have wi{j),WmiJ) > ^(n + r„^)/2. On the 
other hand, since 

2 
dv < e, 



1 



Upif^~J2^'\^?] 



v{BiOr,izi)) Js.or^izO 

by segment inequality on limit spaces (P Theorem 2.6]), there exist zi, (f)j{wi{j)) G B^Xzi) 
and a minimal geodesic 7 from i^ to (f)j{wi{j)) such that 2;/, 5/ + (j)j{wi{j)), (f)j{wi{j)) < 
\l'(e; n)ri and that 



zi,<t>A'^iU)) 



ki \ 

Lip I /oo - $^«^^,J< ) {l{t))dt < ^{e-n)n. 



Therefore we have 



(145) 

(146) 
Thus 



foo{zi) -Y,o!:'r^.,{zi) - fMjikM - X]«''^,>(0i(^/(j))) 



s=l 



s=l 



< / Lip I /oo - X. «''^.^ ) (7W)^^ < ^(e; n)ri. 

s=l 



<^(e;n,L)n. 



/oo(2;0 - Xa^'r^,j,(zO - /oo(0i(^/(j))) - 5Zas'^,;.(</>j(^Kj))) 

s=l * \ s=l 

Especially, we have |-Fj(wKj))-/ooO0i(w^i(j))| < ^(e;n,L)r/. Similarly, we have |Fj(w^(j))- 
/oo o0j(w„(j))| < ^(e;n,L)r^ and \F^ - f^\ < '^{e;n,L)ri on B^i_i.)r^{zi). Therefore 
we have 



(147) \Fjiwiij)) - F,{wUj))\ < I/oo o UMj)) - /oo o UwiiM + ^(e; n, L){ri + r„ 

(148) 

(149) 

(150) 

(151) 



< L(l)j{wi{i)),(l)j{wm{i)) + ^{e]n,L){ri + r„) 

< L{wi{j), Wmij) + 9) + *(e; ?^, ^)(rj + r^) 

< Lwi{j),Wm{j) + ^(e;n,L)(n-Fr^) 



< (L + r'^(e; ^, ^))w^Kj), ^m(j)- 
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Thus, by Claim |4.28[ we have LipFj < C{n,L) +^ ^\l/(e;n, L). Similarly, we have 
Lipi^oo < C{n,L) +^-^^{e;n,L). Therefore we have Claim SHI 

Claim 4.30. For every sufficiently large j , we have IJi=i -^(i-C)»'i(-^*(^)) ^ ^A-^2g(A) 
and Uti^(W)n (-2.) (lY\B2^{A^). 

Because, by the definition, we have |Jj=i ^rX^i) '^ ^\ -825(^00)- On the other hand, by 
the assumption, there exists io such that for every i > iq, we have (j)i{Ai) C B^{Aac) and 
ei « mmi<j<N{^rj}. Thus, since 0i(UiIi ^(i-CK(^i(j))) "^ Uili^n(^i) C Y\B4^{Aoo) 
for every i > io, ^Q have Claim 1^^301 

On the other hand, we remark the following claim: 



Claim 4.31. We have 



lim sup|/i-/oo o(j)i\ =0. 



The proof is done by a contradiction. We assume that the assertion is false. Then, 
there exist r > 0, a subsequence {n{i)} of N and «« G A„(j) such that |/n(i)(«j) — foo ° 
0n(j)(«j)| > T- Without loss of generality, we can assume that there exists aoo ^ Y such 
that 0„(i)(ai) -^ Ooo- Thus, liminfj^oo |/n(i)(ai) - /oo(aoo)| > r. On the other hand, 
by the assumption, we have ctoo G ^00 = ^oo- Since /ooUoo is an extension of {/j} 
asymptotically, this is a cotradiction. Therefore we have Claim 14.311 

We put W, = ULi^(i-5)^,(^^(j)) and W^ = ULi ^(i-Cm(^0- By ClaimiJQl we 
can define a Lipschitz function Gj on Wj U Aj and a Lipschitz function Gqo on W^o U Aqo 
by Gjlvi/^ = Fjlw., Gj\a^ = fj, Godwoc = Fadwoo and GooUoo = /ooUoo- 

Claim 4.32. VFe have LipGj, LipGoo < C*('^5 L) + ^~^\E'(e; n, L) for every sufficiently 
large j . 

The proof is as follows. We put ^j = sup^, \fj — foo° (pj\- Then by the proof of Claim 
I4.29[ there exists jo such that for every j > jo, «j £ -S(i-5)ri(-2i(j)) and /3j G A^, we have 

(152) |G,(«,) - G,(/3,)| = |F,K-) - /,(/3,)| 

(153) < |Foo o <f)j{a,) - /oo o <j)j{P,)\ + ^(e; n, L)ri + 

(154) < 1/00 o 0,(a,) - /^ o 0,(/3,-)| + ^(e; n, L)r, + ^j 



(155) < i:0,(a,), (f)j{(3,) + ^(e; n, L)ri 



(156) <L(a„/3, + e,) + ^(e;n,L)e 



(157) <(L + ^(e;n,L))«„/3,-. 

Therefore, by Claim 14291 we have LipGj < C{n, L) + ^~^\E'(e; n, L) for every sufficiently 
large j. Similarly, we have LipGoo < C{n,L) + ^^^\l'(e; n, L). Thus, we have Claim 147321 
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For \E' = \&(e; n, L) in Claim I^l32| we put ^ = v \E'. We take a Lipschitz function /■ on 
Mi and a Lipschitz function /^ on F satisfying that Lip/J = LipGj, Lip/^ = LipGoo, 

fjlwjUA, = Fj\w,uAj and f^\w^uA^ = i^ook^uA^- We put n, = Woo- Then, by the 
definition, Proposition 14. 191 and Corollary 14.221 we have {fl.dfl) — )■ {f^,df^) on Q^. We 
have 

(158) 

f M/oo - dfj'dv < [ _ \dU - dflfdv + / M/oo - rf/^pc^i; 

JBu(Xoo) JX\B^^(Aoo) JB.,i.(Aoo) 

N 

(159) <Y, \dfoo-drSdv 

4=1 "'-B(l-5)ri(Zi) 



(160) 



±Ul'v{B^^{Aoo)\Aoo)+ f \df^-dU^dv + ^{e-n,L 

\ JAoo 

N 

(161) < J]et;(5(i_5).,(^.)) ± {5L%{B5^{Aoo)\Aoo) + ^(e;n,L)) 

(162) < ev{BR{xoo)) ± (5L2t;(E5^(Aoo) \ A^o) + ^(e; n, L)) 
and 

(163) v{Br{xoo) \ (a U Aoo)) < viX \ (a U Aoo)) + v(B^{Aoo) \ A^o) 

oo 

(164) < J2 v{B,rX^i))+v(B^{Aoo)\Aoo) 

i=N+l 

(165) <Cin)e + v(B^iAoo)\Aoo). 

Since A^o is compact, we remark that \im.r^Qv{Br{Aoo) \ A^o) = 0. We put T{r) = 
v{Br{Aoo) \ Aoo)- On the other hand, by the proof of Claim W72U\ we have |/^ — /oo| < 
\l'(e; n, L) on Vt^UAoo- For every w G Bji{xoo), there exists w & Q^ U Aqo such that w,w < 
^(e,r(50;n,^,i^(5/j(xoo))). Therefore, we have |/^(w) - fooiw)\ < \f^iw) - /oo(w)| + 
*(e,r(50;n,L,i;(5^(Xoo))) < ^(e, r(50; n, L,i;(5h(Xoo))). Thus, we have |/^ - /oo| < 
\E'(e, r(5^); n, L,t;(i?/j(xoo))) on Br{xoo)- Therefore, we have the assertion. D 

As a corollary of Theorem I4.27[ we shall give a sufficient condition to satisfy infinites- 
imal upper semicontinuity of energy: 

Proposition 4.33. Let R he a positive number, fi a C'^-function on B{i{xi){i G N), 
/oo a Lipschitz function on Bfj{xoo)- Assume that 



sup ( Lip/i + / |A/j|(iyol ) < oo 

i \ JBr(x,)) / 
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and fi — i- /oo on Br{xoo)- Then, we have 

limsup / (hvofiS^ctvol < I {LiY>fooYdv. 

i^oo Jbr{x,) JBbXXoo) 

Especially, the sequence {fi}i has infinitesimal upper semicontinuity of energy to /oo at 
every w e Br{x^). 

Proof. We put gi = A/j. First, we shall remark the following: 

Claim 4.34. For every Lip schitz function k on Bji{xi) satisfying supp/c C Bji{xi), we 
have 

[ \d{f, + k)\^dYo[-2 f g^{f^ + k)dY^> f \dfi\^dvo[-2 [ gif^dvol. 

JBnixi) JBnix,) Jbr(x,) Jbr(x,) 

Because, since 
/ \d{fi + k)\^dvo[-2 f g^{f^ + k)dYo\= [ \dfi\^dYo[-2 f gJdYol 

JBr{x,) JBr{x,) JBr{x,) JBr{x,) 



+ / |(Jfc|^(JV0l 

'br{x,) 



we have Claim 14.341 

We fix e > and take L>1 satisfying 



sup Lip/i + l/ili^ + / Is'iMvol < L. 

i \ JBr{x,) J 

Since limsup^^ ^R-e,R{.Xi) C ^_R-e,ij(a;oo), by Theorem 14. 2 7[ there exist a C{n, L)-Lipschitz 
function /^ on Br{xoo), a C{n, L)-Lipschitz function f[ on Bji{xi) and an open set Qe C 

BR{xoo)\AR_,^nixoo) such that f^\AR_,^R{x^) = /ooUfl_,.H(xoo)) fi\AR_,^R{x,) = fi\AR_,^Rix,), 
(/•,0^(/^,rf/^)onaandthat 

v{BR{Xoo)\{n,[jAR_,^R{Xoo))) 1 f 2,, 

V{Br{Xoo)) Voo[Br[Xoc)) Jbr{x^) 

< e. 

By Claim U3H we have 

/ \dft?dYo[-2 I g^ftdYo[> f M/ipfivol - 2 / ^,/,dyol. 

JBr(x,) JBr(x,) JBr{x,) JBr{x,) 

By Proposition 12. 12[ without loss of generality, we can assume that there exists a pairwise 



N 



disjoint finite collection {BrXzi)}i<i<N such that fi^ = IJi=i-^n(^j)- We take a sequence 



76 



Zi{j) -^ z,. We put a(j) = Uii5r,(2;i(j))- Since vol(a(j) U Afi-.,ij(x,))/volSR(xi) > 
1 — e for every sufficiently large j, by Proposition 14. 13[ we have 



M/ir^vol 



Bn{xi) 



M/ooPc?W 



BR{Xao) 



<^{t;n,L,R)v{BR{xoo)). 



On the other hand, since supB^(^^,) |/J-/j| < C{n, R, L) supf^^Q) |/J-/j| and limsupj^^ ^^Vn,(j) l/f 
/il < supf^^ l/c^ - /ool, we have 



gjf-dvol - 

Br(xj) JBii(xj) 



gjfjdvol 



< sup I/I-/, 



/J ./ji / |c/jMyol< ^(e;n,i?,L)t;(Efi(a;oo)) 

Bh(xj) JBii{xj) 



for every sufficiently large j. Therefore, by Proposition 14. 13[ we have 

limsup / \dfi\^dYo[< I \df^\'^dv + '^{e;n,L,R)v{BR{xoo))- 

Thus, we have 

limsup/ \dfi\'^dvo\ < / \df^\'^dv + '^{e;n, L, R)v{Br{x^)). 

J-s>oo JBnixi) J Br{x^) 

By letting e — )■ 0, we have the assertion. 

Next corollary follows from Remark 14.81 and Proposition 14.331 directly: 
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Corollary 4.35. Let R he a positive number, f] a C'^ -function on Bji{xi) and f^o 
Lipschitz functions on Br{xoo)- Assume that 

sup ( Lip/i + / |A/ipciyol J < oo 

i V JBnixi)) J 

and fi -> /oo on Bii{x^). Then, we have {fudfi) -)■ {foo,dfoc) on Bji{x^). 

Corollary 4.36. Let R be a positive number, fi a C"^ -function on Bji{xi) and /oo a 
Lipschitz function on Br{xoo) satisfying supj(Lip/j + |A/j|i^oo(^^(a..))) < oo. We assume 
that fi — 7- /oo on -B_r(xoo) and that there exists a L"^ -function g^o on Br{xoo) such that 
{Afi}i has infinitesimal convergence property to g^o at a.e. w E Br{xoo)- Then, for every 
Lipschitz function k^o satisfying supp/^oo C Bii{xoo), we have 



{dfoo,dkoo)dv 



Br(x^) 



"-oofi'oo"'^- 



Br{x^) 



Proof. By Corollarv 14.351 we have {fi,dfi) -)■ {foo,dfoo) on _B/j(xoo)- We take L > 1 
satisfyingsupj(Lip/i + |/i|Loo + |A/i|Loo) < L. We put r = sup^gg^ppfc^ Xoo, w and gi = A/^. 
By compactness of suppfcoo, we have r < R. We fix e > satisfying e < R—r. By Theorem 
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I4.27[ there exist a C{n, L)-Lipschitz function fc^ on Br^Xoo), a C{n, L)-Lipschitz function 
k- on BR^Xi) and an open set Q^ C Br{xoo) \ ^ij-e,/?(a;oo) such that klJ^A^.^^ni^oo) = 0; 
^lUH_,,fl(x.) = 0, {kl.dkf) -^ (kl^.dkl^) on fi^ and that 

V {Br{Xoo) \ (a U Ar_,^r{Xoo))) 






v{Br{x^)) ' ' °° °^'^ ^--^^-^^ t;oo(Sij(Xoo)) 7bh(.^) 

< e. 

By Proposition 14. 11( {k^gi}i has infinitesimal convergence property to k'^^odoo at a.e. if G 
fi^. By an argument similar to the proof of Proposition 14.331 and Proposition 14.131 we 
have 

+ 



(dfi, dk1)dYo\ - / {dfoo,dkl^)dv 

BR(Xi) JBuiXoc) 



gik'idvoi- / gocklodv 

BR(Xi) J Br(x oo) 



<^{e;n,L,R)v{BR{x^)) 
for every sufficiently large i. Since 

/ {dfi, dk^)dvo\ = / Qjk^dvoh 

JBr{x,) Jbr{x,) 

we have 



{df^,dk^)dv = / g^k^dv ±'^{e;n,L,R)v{BR{x^)). 

By letting e — > 0, we have the assertion. D 

The following corollary follows from Corollary 14.351 and 14.361 directly. See also 



Corollary 4.37. Let R he a positive number, fi a harmonic function on BR{xi) 
and /oo a Lipschitz function on Br{xoo) satisfying supj Lip/j < oo. We assume that 
ft -^ /oo on Br{xoo)- Then, we have {fi,dfi) -^ {foo, df oo) on Br{xoo)- Moreover, for 
every Lipschitz function k^o satisfying supp/Coo C Br{xoo), we have 

{dfoo,dkoo)dv = 0. 
Especially /oo is a harmonic function on Br{xoo)- 

5 Harmonic functions on asymptotic cones 

In this section, we will give several applications of results in section 4 to harmonic func- 
tions on asymptotic cones of manifolds with nonnegative Ricci curvature and Euclidean 
volume growth via Colding-Minicozzi theory [T71 [181 [HI (SOI [HI [22] for harmonic func- 
tions on manifolds. Throughout this section, we will always assume that dimensions of 
all manifolds are greater than 2. 
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5.1 Convergence of frequency functions 

Throughout this section 5, we fix an n-dimensional complete Riemannian manifolds M 
satisfying RIcm > and Euclidean volume growth condition: 

lim ^^^^ > 0. 

Here ?ti is a point in M and qm is the Riemannian metric of M. We remark that by 
Bishop-Gromov volume comparison theorem, the limit above always exists and does not 
depend on choice of m. We denote the limit by VH' = limij_5.oo ^oW^' B R{m) / R"' . It is easy 

_2 

to check that V^^ ^*^ = V^^' for r > 0. Therefore we shall use the notaiton: Vm = Vm'- 
We fix a point m & M below. Then the global Green's function G^'^'{m,x) on M with 
singularity at m exists. See [7S]. First, we shall introduce an important result about 
asymptotic behavior of G^" by Colding-Minicozzi: 

Theorem 5.1 (Colding-Minicozzi, [20|). We have 

G3^'{m,x) vol5i(0„) 



lim 



-2—n T/ 



'M 

By the definition of Green's function, we have 

G9M{rn,x) 



C 3'"{m,x) 



j,2—n 



It is known that there exists Ci > 1 such that ?7i,x^ " < G''"^'{m,x) < Cim, x^ " for 
every m ^ x. We define a smooth function b^' on M \ {m} by 

Thus we have 6^ ^'■' = b^/r. We shall use the notation 6^" = b^' simply. Then we have 



wrg' ^*^ < b" ^«(2/) < , i ; , m;y 



^voi5i(o,); '" - ^"^- Vvoi5i(o, 

for every r > 0. We put b9^'{m) = 0. It is easy to check 

{2-n)vo\B,{0^y ' ^ ' ^ 

On the other hand, for every e > 0, there exists i?(e) > such that 

I \\VW^'\^ - Ipc/vol < evol({6^« < R}), 

|Hess(fcSM)2 - 2gM\^dvol < evol({6^^^ < R}) 
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for every R > R{e) and that 



5SM (x) 



■m,x 



Vm 



< e 



for every x e M\ 5fl(,)(m). See (2.23), (2.24) and (2.25) in [T9] or section 4 in [20] for 
proofs of these results. 



Lemma 5.2. We have 



vol({63" < R}) 



hni 

_R-5-oo vol B 



9M . 

R ' 



m] 



Proof. For every < e < 1, we take R{e) > as above. We put 

2-n 



R{e) 



CiVi 



M 



vol5i(0„) 



R{e) + R{e) 



We take R > R{e). First, we shall show Sij(m) C {6^*^ < {l + e)R}. We take y G ^^(m). 
By the definition of b^'^' , ii y = m, then y G {b^'^' ^ (1 + ^)R}- H y 7^ m and mTy < R{^)^ 
then we have 



&^*'(y) < 



CiV, 



M 



2-n 



m,y < 



CiV, 



M 



2-n 



R{e) < R{e) < R. 



yo\Bi{Qn)J ~ Vvol5i(0, 

Especially, we have y G {¥''' < (1 + e)-R}- On the other hand, by the definition of -R(e), 
if rn^ > -R(e), then \¥^'{y) — m,y\ < em, y. Especially, we have 6^"(y) < (1 + e)m,y < 
(1 + e)R. Thus, we have BR^m) C {b^^^ < (1 + e)^}- Next, we shall show {¥^' < 
(1 + e)R} C Bi+eJm). We take x G {fe^'*^ < (1 + e)-R} satisfying m;x > R{e). Then, we 

1 — e 

have (1 - e)m7x < b^'^'ix) < (1 + e)i?. Thus, we have {b^"' < (1 + e)R} C Bi+.Jm). 

1 — e 

Therefore, we have B^_{m) C {6^" < i?} C B_R_{m) for every i? > 2R{e). Since 

1+e 1— e 



vol -B_^ (m) 

lim ^—^ — - 

R-s>oo vol -B_R_ (m) 



1 + e 



we have the assertion. 
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We shall define frequency functions for harmonic functions on M. For R> 0, < r < 
R and a harmonic function u on {b^'^' < R}, we put 



JbSAl =r 



and 



F^Af(^) =r 



3— n 



Sm 



b3M=r 
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9ra 



|V6^*^|rfvol^"_!i. 



Here n is the unit outer vector of {6^*^ = r}, vol^^^^ is the (n — l)-diniensional Hausdorff 
measure with respect to the Riemannian metric qm- Moreover, we put 






^rW = T^IF7:Tif^«"W^0' 



f/SM(r) =Oif /f^^(r) = 

and call the function U^^'' on (0, R) frequency function for u. We remark that the critical 
set oiTf^' has codimension two. See [12], [SS] or P^ Remark 2.11]. By maximum principle 
on manifolds, f/^*^ (r) = for some < r < i? if and only if m is a constant function. The 
following fundamental properties of functions above are given in pj)j: 

2-n 
.J 



DT{r)<rf'^Di-'{s), 



dr r 



I9M(^s^ = exp (2 f ^""^^^ rftj I^''{r) 



for r < s (see (2.10), (2.12), (2.13) and (2.14) in [I9]). For every T,r > 0, R > rr 
and harmonic function u on {b^^' < R}, we put Ur = u/t. Then we have Dl^^ 9m(j,^ _ 
^-2-Qg^M(^rT),I^~^9M(^r) = T-^I9M(rT),F^~^9M(^r) = t^^FSm^tt) and [/;;'^« (r) = U^M^rr). 

We shall recall the definition of asymptotic cone (or tangent cone at infinity) of M by 
Cheeger-Colding: 



^00; ""00 )i 



Definition 5.3 (Asymptotic cone). For pointed proper geodesic space (Moo,mc 
we say that (Mqc'^oo) is an asymptotic cone (or tangent cone at infinity) of M if there 
exists a sequence i?j — )■ 00 such that (M, m, Rj^du) — ?■ (Moo, rnoo)- 

We fix an asymptotic cone (Moo,moo) of M and a sequence i?j — )■ 00 satisfying 
{M,m, R~^dM) —^ {Moo, moo) in this subsection below. We remark that by ^ Theo- 
rem 5.9], we have (M,m, i?~^(iM, vol ' ^*^) — )■ (Moo, moo, -f^")- We shall introduce an 
important result for asymptotic cones by Cheeger-Colding: 

Theorem 5.4 (Cheeger-Colding, [6]). With same notation as above, there exists a 
compact geodesic space X such that diamX < tt and {Moo,moo) = {C{X),p). 

See in Theorem 9.79] or [6] for the proof. We fix X as in Theorem 15.41 For R > 0, 
< r < R and Lipschitz function u on Bji{p) satisfying that u is harmonic on Bji{p), we 
put 

Ur) = r^-" f u'^dH''-^ 



JdBrip) 
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and 



Moreover, we put 



and 



JbAp) 
U^{r) = ^ a Iu{r) ^ 



Uu{r) = if Iu{r) = 0. 
We also remark that by Proposition 17.221 the function 



JdBr(p) 



is well defined for a.e. r G (0, R). 



Remark 5.5. We remark the following: Let i? be a positive number, Ui a harmonic 
function on B^j^^^im). Assume that supj Kmj)/?. | r-'^qm ^ ^^ ^°^ every < r < _R. 

Then we have supj Lip I {ui)R-\ ^r'^g^^ ) < oo for every < r < R. The proof is as 

follows. We fix f satisfying r < f < R. Since Br{p) is convex, it is not difficult to see 
that there exists zq such that for every i > iq, xi{i),X2{i) G B^' '^' (m) and geodesic 7j 
from Xi{i) to X2{i), we have Image7j C B^" (m). Therefore, by Cheng- Yau's gradient 
estimate, we have limsupj_^oo Lip I (mj)_rJ fl-2g„ ) < C)0 for every < r < i?. Thus we 
have the assertion. 



'Br^ '"(m) 



Proposition 5.6. Let R be a positive number, Ui a harmonic function on -B^^.( 



ni] 



and Moo o Lip schitz function on B^ip). We assume that supj Ifwi^ij I ^-2 < oo 

' L°°{Br' (m)) 

and {ui){i. — )■ Moo on Br{p) for every < r < R. Then, for every < r < s < R, we have 



-2 

lim sup 



^S"w-^«^o.(t) 



K)fli 







and 

E.-2„.. 





rRi ^gM , 



lim sup /(::)r(t)-4^(t) 



Proof. We fixO<f<r<s<s<i?. We take L > 1 such that |moo|l°°(b,-(xoo)) + 
LipUoo < L. We fix e > satisfying e << min{f, R — s}. Then, by the proof of Lemma 



15. 2[ there exists -Ri(e) > 1 such that 



Btr-.^)RM C {b'^' <R}^ ^ale2)^( 
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and 



|y9M^gM|2 _ l|2 < e\o\{b3'' < R} 



for 



Jb^MKR 

every R > -Ri(e). Especially, by Cauchy-Schwartz inequality, we have 

f I |y9M^9M |2 _ ^ I < e4^Qj|^gM < ^1 

JbSM<B, 



and 



For < t < i?, we put 

m) = 



Jb!>M<R 

I ||V^"6»*^| - 1| < e\ol{6^*^ < R}. 

JbSM<R 



Then, we have 






'9M 









n— 1 



Thus, we have 

^(t) = 2r-^ ^"'^^' + (n - i)/f\ ^^^^(t)r-2 



= 2 



/b^i ^SAf 



|V^-"'^^^(n,)Rj2dvol^«^'^« + ^^^— ^ 

6 



7^ / _. (u.)?,jv^r^.M^i.-^.M|2^,,i^«r;. 

On the other hand, in general, for every C^-function / on R, we have 

fit) = f{a) + (t - a)f'ia) - f (s - t)f"{s)ds 

J a 

for every a,s,t & R. Therefore, for every < t < i?, we have 

F,{t + 6) - F,(t) 



rt+e 



'b-R, 3M<, 



^ 2 (Mi)|,|V^''^«6^''^^^|t/vol^»~ 



ft+e 

+ {n-l) -^ 



a" 



/" 2 {ui)l.\V^^'^''b^^'3'^'\dYol^^'^^'da 

b^i 3M=a 

<2e [ _^ \V''^'^^'{u,)RfdYo\''^'^'' + "^^ [ (M,)^jV^«''^«6^>"'^«|2rfvol^^" 

Jb-^j SM^t+e ' ^ Jt<b3M<t+e 

By Proposition 12. 15^ there exists Zq € N such that i?jf > lO-Ri(e), \{u, 
lOL and 



ijfli 



I R-2 < 



'M) 



sup 

ae[0,R] 



vol^r'sM Ba^^''\m) - H"{Ba{p)) 



<e' 



83 



for 



every i > io- Then, by Cheng- Yau's gradient estimate, for every i > io and r < t < 
(166) 






Ib^i ^M<t+e 



(167) 



I . |V^"^^'^(M.)Rj'rfvol^"^- 

B^' "^'^ (m) 



(167) <C{n,L,R). 

Here, we used H^{Bji{p)) = i?"iJ"(i?i(p)) < R"'C{n). Moreover, we have 

fl68) 



(168) 






,-2, 



(169) 
< 

(170) 
< 



't<b"t ^M<t+, 



{ui)%dvol^^ '^^^ 



Ui 



/ „-2 l"i^i?. 



|yi?i ^9M^Ri ^SM |2 _ I dyQl^i '^9M 



I . («.)^^rfvoi«r^^M 



(171) 

<200L\ol^''^'^^{t<6^> 
(172) 



lOOL^vol^" ^^'''{t < b^' '^*^ <t + e} 
{t < h^^^^^' < t + e} 



< 200L\ol^'"'^'^ A^^'^' ((1 - t^)t, (1 + e^){t + e)) 

(173) 

< 200L2if" [Ap ((1 - e')t, (1 + ^){t + e))) + SOOL^el 

On the other hand, we have 

(174) ^-(^ + ^)-^-(^) = i 



e Jt<fe^i »Af<(+e 



M,)i^V0l^'^ 3" 



(175) 

and 
(176) 

(177) 

(178) 

(179) 
(180) 



±1 






|yRi ^SM^Ri ^9Af |2 _ j^ dYoX^i ^^" 



7/ «- (^^)^^ 



< 



< 



100L2 



e Jb-f'i 9M<i_|_e 



lyRj '^9MjjR, ^9M|2 _ j^ 






lOOL' 






< lOOL^e 
<eC(n,L,i?). 



R7 
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We remark that 

(181) / _^ {u,)ldvol^^'^-' - [ («,)^^dvol«"^- 

(182) < lOOLVol^'"'^^^ ({t < h^^'s^' < t + e}AA^^'''\t, t + e) V 

Here AAB = {A\B)U{B\ A). 
Claim 5.7. We have 

(183) {t < h'^^'sM < ^ + e}AA5''"(t,t + e) 

(184) C A^'"" ((1 - e^){t + e), (1 + e^){t + e)) U A^^'"^^ ((1 - e^% (1 + e^)t) 

for every i > io and r < t < s. 

The proof is as follows. We put 4^(t) = {t < b^T'oM < t + ejAA^ '^"(t, t + e). 
First, we take y e {t < b^^'^^M < t + e/2} n 4^(t). Then we have y G 5(^Ve25(t+e/2)(^)- 
Especially, we have 

fn;yRT^9M < (^1 + g2^)(^^ ^ £^) ^ ^ ^ ^_ 

Since y e M \ A^' '^*'(t,t + e), we have y G sf' '''"'(m). Thus, we have {t < b^T'sM < 
t + e/2} n Al{t) C fif'"'^"(m) \ 5f3*'(m). Similarly, we have {t + e/2 < fe^^'sM < 

t + e} n A'iit) C 5j~'j*J^^^^(m) \ Bff/^'im). Therefore, we have 

{t < 6^«"'^« < t + e} n Al{t) C a5''"'((1 - e^)t,t) U ^^''"'(t + e, (1 + ^){t + e)). 

Next, we take x G A^(t) n A^ ^^' {t, t + e/2). Then we have 

b^^^^^'ix) < (1 + e2)m7x^'"'^" < (1 + e^)(i + e/2) < t + e. 

Since a; G M \ {t < 6^» ^" < t + e}, we have b^i ^"(a;) < t. Therefore, we have 
X e 5(^YJ)t(^)- Thus, we have A^^'^'' {t,t + e/2)nA^{t) C ^^'^"'(t, (l + e^)^). Similarly, 
we have A^' ^^"{t + e/2, t + e) n A^t) C A^' '^*'(t + e, (1 + e^){t + e)). Therefore we have 

Claim [521 

By Claim 15.71 and Bishop-Gromov volume comparison theorem, we have 



(185) e-Vol^^'^" ({t < fe^r'sM < t + e}AA^^''"{t, t + e] 

(186) < e-Vol^-"'^'^^ [a^''" ((1 - e^){t + e), (1 + e^){t + e))~ 

(187) + e-Vol^"^- {a^'''' ((1 - e^)t, (1 + e^)t))) 

(188) < Se-^e^volfi;^- (5<- Jk,+.) ("^) \ C„) + Se-^e^olfl^" [dB^^'^'^^im) \ C„ 

(189) < 6evol(95K(0„). 
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Therefore we have 



{u.)Uyo\''^ ^- 



[u,)Uyo\^^ ^- 



<600L^evo\dBn{0n). 

for every i > io and r < t < s. We take the canonical retraction, ttj from C{X) to Bt{p) 
for every t > 0. It is easy to check that vr^ is 1-Lipschitz map. We put m^ = (mqo)^ ° tt^. 
We have Lipw^ < Lip(Moo)^- By Proposition 17.221 we have 



(190) 
(191) 



t+e 



rt+e 



iuoofdH''~^da 



dBaip) 



u'^dH^'-^da 



dBa(p) 



< \iu^f-ul\dH^ 

JAp{t,t+e) 

(192) < Lipiuo.feH'^iApit, t + e)). 
for every r < t < s. On the other hand, 

(193) / / u 



dBaip) 



'^dH''-^da 



t+e 






(u^)^dH''-^da 



(194) 

(195) 
(196) 
Therefore we have 

Next, we shall prove 



dBtip) 



jn—l 



fi+e 



/ {u^)^dW 

ldBt(p) Jt 



a 



n~l 



da 



lu^it) 



(t 



f 



n 



IuM{er-'±^{e;n,R)e). 



lim sup 



lim sup 



rRi 9m 



{t)-Iu^{t) 



D'Sr it) - Du^it) 



= 0. 



= 0. 



We shall use same notations as above. It is clear that 

(197) 

-2 



,2~n 



t^~- I |V^^"^-(«.)Kj^dvol^r^^M < dZ,T'^) 



(198) 



<t 



2-n 



D-2 
o, o, (m) 



|V^'"'^"(Mi)ijj2dvol^'"'^'^^ 



for every i > ii and r < t < s. On the other hand, we have 



/aS» ''*^((l-e2)i,(l+e2)t) 
^-2 



\V''"'^''{u,)nfdYol 



Ri 9M 



m] 



(199) / 
Ja 

(200) < C{n, L, i?)vol^'"'3*^ A^^'^''((l - e')t, (1 + e^)^)) 

(201) < C(n, L, i?) (if" {Ap{{l - e2)t, (1 + e')t)) + e) . 

Therefore, by Theorem 14.371 we have the assertion. 



D 
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For every < r < i? and harmonic function u on {6^^/ ^ /^j^ ^g p^i; 

It is easy to check that for every T,r,R > satisfying R> rr and a harmonic function u 
on {6^" < i?}, we have E^^^ 9m(j^'^ _ r~'^ E-j/'' [rr) . By an argument similar to the proof 
of Proposition 15.61 (or [19. Proposition 3.3]), we have the following: 

Proposition 5.8. With same assumption as in Lemma \5.6i we have 



lim sup 



^S"w-^«ocW 



("i)fl. 







for every < r < s < R. 

We shall introduce an important result [231, Theorem 2.1] by Ding: 

Theorem 5.9 (Ding, [23]). For every < r < R, all harmonic functions on Bfj{p) 
are Lipschitz on Br{p). Moreover, for every < r < s < R and harmonic function v on 
Br{p), there exist a subsequence {n{i)}i ofN and a sequence of harmonic functions Vn(i) 

r,-2 

on Bs "*'' (m) such that Vn{i) -^ Moo on Br{xoo)- 

Proof. We shall give an outline of the proof only. First, we shall show that u^o is 
Lipschitz function. By [511 Proposition 5.1], for every u G ifi^2(^i) and i? > 0, we have 

(202) f u{yfH^~'3M(^^^y^^^^^QiR-^gM < 2t /" |rf^"'^«M|2rfvolf"'^" 
Jm Jm 

(203) +( f u{y)H'^~''^' {t, y, x)dvo\^~''A 

for a.e. x G M. Here. H^ ^"(t, y, x) is the heat kernel for rescaled manifold (M, R'^qm)- 
By [231 Theorem 5.54] and [5], Lemma 10.3] (or Theorem 14. 2 7p . for every u G /C(C(X)), 
we have, 

/ u{yfH^it,y,x)dH''iy) <2t [ \du\^dW\y) +( [ u{y)H^{t,y,x)dW\y)] 

Jc(X) Jc{X) \Jc(X) J 

for a.e. x G C{X\ Here ifoo is as in [2H Theorem 5.54]. Since /C(C(X)) is dense in 
iJi,2(C'(-^)), the inequality above holds for every u G ifi,2(C'(-^))- Next, we fix x G X 
and < t < R. Then, by Bishop-Gromov volume comparison theorem, it is easy to 
check that H"{Bt{{l,x))) > C{n,VM)t"'- For every i? > 0, we define the map (p^ from 
Ap{R-t,R+t) toAp{l-j^,l + j^) by0K((t,x)) = {t/R,x). Since i^"(0ij(A)) = R''H''{A) 
for every Borel subset A d Ap{R — t^ R + t) , we have 

H''{Bt{R,x)) = i?"/7"(5|(l,x)) > C(n,FAf)t". 
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Therefore, {C{X),H"') is Ahlfors n-regular metric measure space (see section 1 in [5Tj). 
By [Ml Theorem 6.1], pl| Theorem 6.20] and [511 Theorem 1.1], u^o is locally Lipschitz 
function on Br{p). By convexity of Bs{p) and the proof of [51l Theorem 1.1], Mqo is 
Lipschitz on Bs{p). Next, we shall take L >\ satisfying Lip(Moo|B4p)) + Woo\l°^(Bs{p)) ^ 
L. Without loss of generality, we can assume that there exists a sequence of Lipschitz 
functions /« on B^' ''\m) such that Lip/j + |/j|l°°(B4p)) < lOi^ and /j — > Uqo on Bs{p). 
We take a harmonic function -Uj on Bs * ^^ (rn) such that 

I r I 

^''asf >"'*'« (m) ~ •^''aS^ '''^^(m) 

in the sense of Perron's method for /j. We shall give a short review of Perron's method 
of subharmonic functions in this setting below. See for instance section 2.8 in [53]. For 
f G C^{Bs ' ^' {m)), we say that / is subharmonic (superharmonic) in Bs ' "(m) if for 
every w e 5F'^"(m), ri > with B^^f'^^w) C 5f'~''"(m), and h G C°(5f;~''"(M;)) 
satisfying /il „-2 is harmonic and /il ^-2 < (>)/| p-2^ , we also have 

^ < (^)/ oil -Sri' ^"(w). For (yf G C^{Bg^ "(m)), we say that f^ is a subfunction relative 
to /j| R-2o iff?! R-2o is a subharmonic function and (? I „-2 < /J p-2„ 

-Bs * (m) -Bs ' '^ (m.) dB^ ' "^'^ (m) dB^ * *^ (m) 

We also say that 5^ is a superfunction relative to fA „-2 if g\ „-2 is a superhar- 

monic function and q\ „-2„ > fA „-2„ . Let Sf. denote the set of subfunctions 

relative to /J ^-2 . Then we put a function Ui on _Bs ' ^"(m) by 

Mi(w) = sup v{w). 

By an argument similar to the proof of [551 Theorem 2.12], it is easy to check that Ui is 
harmonic on Bs ' ''' (m) . 

We fix < r < 3R, x G dBsijp) and z G dB2s{p) satisfying p^ + Hc^ = jT^. We take 
sequences x{i) G <9-Bs ' *^(m) and ^(i) G 5-B2s ''\m) such that x(z) — > x and z(z) — > z. 
Then it is easy to check that for every a G Bs{p), we have 

Ci (n, i?)x7a^ < ^7a — z^ < xTa. 

We fix « G Br{p) and take a sequence of points a{i) G Bs ' *^(?7i) satisfying a(i) — )■ a. 
We put 6* = (^^/j) *^)^^" — (r^/j-, *^)^~"(x(i)) on i?s ' ^'{m). By Laplacian comparison 
theorem on manifolds (or (4.11) in [3]), we have, a function 6* is a superharmonic, a 
function fAxii)) + lOOLr + C(n,L,RW/T'^ is a superfunction relative to /J „-2 

aSs ^ " (m) 

and a function fi{x{i)) — lOOLr — C(n, L, R)b^/T^ is a subfunction relative to /j| ^-2^ 

dBs ' ^^ (m) 

for every sufficiently large i. By an argument similar to the proof of [331 Lemma 2.13], 
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we have 

\Mx(t))-u,{am < Cin, R, L)t + ^^""^ f ' ^^ x(t), a{tf'''" 

for every sufficiently large i. On the other hand, by Proposition 12.111 and Corollary 14.371 
we can assume that there exists a harmonic function Uao on Bs{p) such that Uoo\Bi{p) is a 
Lipschitz function, Ui — )■ Uoo on Bg{p) for every < s < s. Thus we have 

C(ri R D 
\uooix) -Moo(a)| < C{n,R,L)T-\ ^--^ — x;a 

for every a G Bs{p). If we put r = x^^'^, then we have 

|Moo(a;) -Moo(a)| < C{n,R,L)x;a3 . 

for every x G dBsip) and a G Bgij)). Since -Uoo ^ Hi,2{Bs{p)) for every < s < s, and Moo 
is Lipschitz on Bs{p), by [80i Cororally 6.6] and an estimate above, we have sup^^j-^) |-Uoo — 
Wool = lim5_j.s (sup5^(p) |moo — Wool) = 0. Therefore, we have the assertion. D 

We shall remark that the following: 

Corollary 5.10. Let R be a positive number and Uoo,Voo harmonic functions on 
Bfi{p). Then u^o + v^o is a harmonic function on Bfi{p). 



From now on, we shall replace most of many important statements in [19] with state- 
ments on asymptotic cones: 

Proposition 5.11. For every < r < s < R and harmonic function u^o on Br{p), 
we have 

D^^ir) < {^y^' D^Js), 

IuJs)-I^Jr) = jy^^dt. 
Moreover, if lu^d''^) > 0? then we have 

lujs) = exp (2^ ^^rft) /„^(r). 

Proof. By Theorem 15.91 without loss of generality, we can assume that the assump- 
tion of Proposition 15.61 holds. Since 






by letting i — )■ cxd, we have the first assertion. Similarly, since 
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by letting 2—7-00 and dominated convergence theorem, we have the second assertion. 
Especially, we remark that /^^ is a continuous function and that a monotonicity /^^(r) < 
/„^(s) holds. We shall prove the third assertion. By Proposition 15.61 and the monotonicity 
of J„^, we have liminfj_>.oo (infae[r,s] I/J.\ ^^' (ct) ) > 0. Therefore, by Cheng- Yau's gradient 



estimate, we have 



On the other hand, since 



limsup I sup U,\^'^\a] I < 00. 



-2, 






if^y^'is) = exp 2 r ^"^"' ^ dt Jf^ ^- 



by letting i — )■ 0, dominated convergence theorem and Proposition 15. 6[ we have the third 
assertion. D 

Corollary 5.12. Let r, R be positive numbers with r < R and Uoo a harmonic func- 
tion on Br{p). If Uu^{r) = 0, then Uoo is a constant function on Br{p). 

Proof. First, we assume Iu^{r) = 0. Then, by Proposition EHIl we have Du^{t) = 
for a.e. < t < r. Since Du^ is continuous, we have -Du^(r) = 0. Thus, by Poincare 
inequality on limit spaces, we have 

1 



v{Br{p)) Jb^Ip) 



dv < Cin, R)r^ / ^ [ iUpf)^dv = 0. 

v{Br{p)) Jb,{p) 



v{Brip)) Jb,(p) 

Since / is Lipschitz on Br{p), / is a constant function on Br{p). Next, if Uu^{r) = and 
-^«oo('") > O5 then, by the definition, we have Du^{r) = 0. Therefore, by an argumetnt 
above, we have the assertion in this case. D 

The following corollary follows from Proposition 15.111 and continuity of the function: 

t ^ H'^iBtip)), directly. 

Corollary 5.13. For every R > and harmonic function u^o on Br{p), the function 
luaa ^'5 0- C^ -function on (0, i?) and 

dl^ ^ 2A^_ 
dt t 

For every < r < R and harmonic function u on Bfl' {m) satisfying u 7^ 0, we put 

" ^ ' /r(r) 

With same assumption of Lemma [5. 6[ if u^o is not a constant function on Br{p), then, by 
Proposition 15.61 and Proposition 15. 8[ we have 



fe<5^^w=^^w- 
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Proposition 5.14. For every < r < s < R and harmonic function Uoo on BthIp), 
we have 

Proof. By Theorem l5.9[ there exists a sequence of harmonic functions Mj on B^^j^, (m) 
such that supj Lipwj < oo and {ui)R. — > Mqo on Bqr{p). We fix e > 0. Without loss of 
generahty, we can assume that Uu^ij) > 0. We shall use same notation as in ^21 Propo- 
sition 4.11]. We put VLq = s/r,'y = Du^{2s) / Du^{r) + 1. Then we take R = R{m,'y, e, Qq) 
as in [ini Proposition 4.11]. By Proposition 15.61 there exists io such that Rtr > R and 



D^f i2noR^r) D^f {2R,s) ^K) '" (2^) 



-2 

9M , 



<7 



D^{R,r) Dfi'{R,r) D''^--yr) 

for every i > iq. Then, by [T^ Proposition 4.11], we have 

"^^^ dlogWs^' 

"' dt > -e. 

Rir dt 

i.e. we have 

hgW^^^{R,s) -\ogW^^{Rit) > -e. 

Since Wl^,^'l^{Ris) = W^^^'^^'is), by letting z ^ oo, we have 

logf/«^(s) - \ogUu^{r) > -e. 
Since e is arbitrary, we have the assertion. D 

Remark 5.15. Most of their results in [19] are about global harmonic functions on 
manifolds. However, by the proof, their results in [19] also hold for harmonic function on 
a big domain like one used in the proof of Proposition 15.141 We will often use these facts 
below. 

For c/ > 0, we put 'H'^(Moo) = {moo : M^o -^ R; Moo is a harmonic function and there 
exists C > 1 such that |Moo(a;)| < C{1 + rriocX'^) for every x G M^o}- 

Proposition 5.16. We have Uu^if) < d for every t > and Uoc G 'H'^(Moo). 

Proof. This proof is done by a contradiction. We assume that there exist tq, Sq > 
such that Uu^{so) > do + tq. By Proposition 15.141 we have Uu^{s) > d + tq for every 
s > So- Since Uoo G H'^(Moo), there exist si > sq and C > 1 such that 

lujs) = s^-" / uldH^-' < s'-''s"'vo\dB,{p)C < Cs^'volB.iO^) 

JdBs{p) 
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for every s > Si. For s > Si, by Proposition 15 .llf we have 

C.2'^voli?i(0„) > exp n^ ^^^^dt^ I^^is^) > exp (^^' ^^±^dt ) /„^(sO 

Therefore, we have 

^^ ^ log(Cvoli?i(0„)) ^ 1 r 2d + 2To ^^ ^ logluAsi] 



log s log s Jsi ^ log -s 

By letting s — t- oo, we have 2d > 2d + 2tq. This is a contradiction. D 

Proposition 5.17. For every 0<s<t<a<R and harmonic function Uoo on 
Bjfi{p), we have 

lujt) < ^- 

Proof. First, we assume that Uqo is not a constant function on Bs{p). By Theorem 

\5.9\ there exists a sequence of harmonic functions Ui on BQ^j^,{m) such that supj Lipui < 

oo and (mj)/?. — > Uoo on Bq^{p). We fix e > 0. By the assumption and Corollary 15.121 

there exists < r < s such that Uu^{r) > 0. We shall apply [I9l Corollary 4.37]. We put 

Qq = 2a/r, Q = a/r and 

D^j2nrl 

We take R = i?(m, 7, e, fig) as in [191 Corollary 4.37]. There exists zq such that Rir > R 
and that 

Df\'^U2nr) 

h <7 



for every i > iq. Thus, by [19i Corollary 4.37], we have 






^^ 2(l+e)t/„^(a) 



Thus by letting i ^ 00, we have 

Since e is arbitrary, we have the assertion. Next we assume that Mqo is a constant function 
on Bs{p). We put s = sup{/3 G [0, R]; Uoo is a constant function on Bp{j))}. If s > t, then, 
since /^^(t) = /„^(s), the assertion is clear. We assume s <t. We take s < s <t. Then, 
by an argument above, we have 

By s < s, /«^(s) = luooi.^) ^^d letting s — )■ s, we have the assertion. D 
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Corollary 5.18. Let s,R be positive numbers with < s < R and Uoo a harmonic 
function on B-jfi{p). Assume that Uu^{s) = 0. Then u^o is a constant function on Bfi{p). 

Proof. First, we assume that /^^(s) = 0. Then, by Proposition I5.17[ we have 
-^Moo (^) = for every s < t < R. Therefore, by Proposition 15.121 we have the assertion. 
Next, we assume that /^^(s) > and Uu^{s) = 0. Then, we put Uoo = ^oo — Uooijp)- We 
remark that Uqo = on Bs{p). Since Iu^{s) = 0, we have the assertion. D 

Proposition 5.19. Let R be a positive number anduoo a harmonic function on Bifi{p) 
with Uooip) = 0. Assume that Uoo is not a constant function on Br{p). Then, we have 

for every < s < R. 

Proof. By Theorem l5.9[ there exists a sequence of harmonic functions Ui on B^'^j^, (m) 
such that supj Lipwj < oo and {uiJR^ — )■ u^o on Bqji{p). Moreover, we can assume that 
{ui)Ri{rn) = 0. We remark that by Proposition 15. 181 Uu^{r) > for every < r < R. We 
fix a sufficiently small e > 0. We shall apply [191 Corollary 4.40] and use same notation 
as in there. We take Ql = ^dn, e) > 2 as in [HI CoroUay 4.40] (or [191 Corollary 3.29]). 
We put Qo = S^L, r = s/2(2fii)2 < s and 

_ D.^(2(2(]^)V) _ DuAs) 

We take R = R{m,'~f,e,Qo) as in ^£1 Corollary 4.40]. Then there exists io such that 
RiV > R and 

Dir{2{2n,?R.r) _ /^S;^-(2(2^,)V) ^ 
Df^riR^r) Dy'^'ir) "^ 

{UiJR- ^ ^ 

for every i > iq. Then by [19l Corollary 4.40], we have 



-2, 



1 - 3e < Uil'{2nLR.T) = U^^^^i^jj). 

By letting i — )■ oo. Proposition 15.61 and Proposition 15.141 we have 1 — 3e < Uu^{'2,VLi,r) < 
Uu^{s). Since e is arbitrary, we have the assertion. D 

Proposition 5.20. Let r, s, R, 6, do be positive numbers with < r < s < R and Uoo 
a harmonic function on B'jii{p). We assume that Uu^{s) < do, Uoo is not a constant 

function on Bji{p) and 

TL. (.^\ 

<5. 



log 



Then, we have 

Tp " \rp{drp, duoo) - Uu^irp)uoof dH"" < ^((5; n, rfo)4^(s) 

Ap{r,s) 
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Proof. By Theorem I5.9[ there exists a sequence of harmonic functions Ui on B^^^, (m) 
such that supj Lip-Uj < oo and {ui)ji^ — )■ Mqo on Bqr^p). We shall apply [HI Proposition 
4.50]. We put fio = 2s/r, fi = s/r and 

^ Dujr) ^ ■ 
Then, by Proposition 15. 6^ there exists iq such that 






<7, 



max Uf\'" it) < 2do 

r<t<nr ("')«» ^ ^ - " 



and 



U, 



log- 



Mr- 



(fir) 






< 6 



for every z > zq. Thus, by [I9l Proposition 4.50], we have, 

(6^«)-" (h^^'^ - t/^«(5SM)|v9«5gM| j ^^oi3M < ^(^. ^^ do)I^fiRis) 

rR,<b3M<sRi \ on " J 

for every sufficiently large i On the other hand, by Cheng- Yau's gradient estimate, we 
have 



V, 



M 



< 



(n-2)volBi(0„: 

Vm 
(n-2)vol5i(0„; 



l^-Ri gA/|n-l|y«i 9mqR^ 9m ^ 



m. 



^Ri 9M\n-l 



Ri 9M\-i\ryR: 



2{rZ' ""T-^C{n){rZ' ^")" 1^"' '"(^ 



(204) \\/^^''9Mh^^^9M\ 

(205) 

(206) 
(207) 

on Am "(r, s) for every sufficiently large i. Thus by Corollary 14.371 and Theorem 15.11 
we have {b^^ 9'^',db^i ^^^) — )■ {rp,drp) on 74p(r, s). We also have 



< C(n)(r5 '")"'(^^'' ''T~\r^' '")'"" 

< C(n). 



(208) 

(209) 

(210) 
(211) 



f ^ (pRr'sMyn UR-'9M^R-2g^,^^ (v^"^-(«,)^,, V^"^-6^"^-) 



- UJ^'^'' ib'^^'''')\V'^^''''b'^^^'^^'\^ 1 rfvol^""'^^^ 



'rRi<b3M<sRi 

<C{n 



rRi<b3M<sRi 



{W ) "" ( 6^« ^ - f/f f^ (6^« ) I V^^^ 6^" I ) dvoF^ 

RT 9m, 



(212) < x[/(<5; n, cio)/l^^(i?.s) = ^1/(5; n, do)!^:^)^'' (s 
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for every sufficiently large i. Therefore, by letting i — )■ oo, Proposition H3] and Proposition 



I5.6[ we have the assertion. D 

The following corollary follows from Proposition 15.201 directly. 

Corollary 5.21. Let r,s,R be positive numbers with r < s < R and Uoo be a har- 
monic function on Bjf>{p) with Moo(p) = 0. We assume that Uu^{r) = Uu^{s). Then we 
have 

rp{w){duoo,drp){w) = Uu^{s)uoo{w) 

for a.e w E Ap{r, s). 

Proposition 5.22. With same assumption as in Corollary \5. 2 1\ we have 

for every r < t <t < s and x E X . Here C = Uu^{r). 
Proof. We define a Borel function a on Ap{r^ s) by 

Uoo{t + h,x) -Uoo{t,x) 

a[t,x) = iimsup . 

h-s>0 h 

By Theorem 13.331 and Corollary 15.211 there exists a Borel set A C Ap{r, s) such that 
H'^{Ap{r,s) \ y4) = and that {drp,duoc){z) = a{z) = Cuoo{z)/rp{z) for every z E A. 
On the other hand, for < s < ro < Sq < s, we put a bi-Lipschitz map (pit, x) = (t, x) 
from Ap{ro, sq) to [vq, sq] x X. Then we have if"([ro, sq] x X \ (p{A)) = 0. Therefore by 
Fubini's theorem, there exists a Borel set X C X such that H^~^{X \ X) = and that 
H'^{[ro,So]y<{x}\(f){A)) = for every a; e X. Thus we have if^(0"^([ro, So]x{s}\0(y4))) = 
for X G X. For every x G X, by Rademacher's theorem for Lipschitz functions on R, 

(213) Uooiso,x) -Uooiro,x) = a{t,x)dt 

Jro 

(214) = / a{t,x)dt 

Jrp{(f>-'^{[roySQ]x{x}r\<P{A))) 

(215) = / c;!Ut^^, 

(216) = r^^^^dt. 

Jro t 

For every a; G X, by taking a sequence Xj G X satisfying Xj — )■ x and dominated conver- 
gence theorem, we have 

u^{so,x) -Uoc{ro,x) = / '^—^ — dt. 



ro ^ 
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Thus, for every x G X, the map fx{t) = Uoo{t,x) on [r,s] is C^-function, we have 

di ^ ' i ' 

Therefore, we have the assertion. 



D 



Proposition 5.23. Let r,s,S,R,dQ be positive numbers with < r < s < R, and 
Moo, Woo harmonic functions on B-jb.{p)- We assume that m.a.Xr<t<s U^acit) ^ do, v^o is not 
a constant function on Bfi{p) and 

u.As) 



log 



U.Jr) 



<6. 



Then, we have 



A-n 



u^v^dv - exp ( 2 / '" %^rfs ) r^"" 



dBsoiP) 



ro 



u^v^dv 



dBro(p) 



< 



(\ 6c(o+3 



Xso). 



for every r < vq < sq < s. 



Proof. By Theorem 15. 9[ there exists a sequence of harmonic functions Ui,Vi on 
BmR^iin) such that supi(LipUi + Lipt;^) < oo, {ui)R^ -^ u^, {vi)R^ -)■ v^o on Bqr{p). 
By the proof of Proposition 15.201 (or [T9l Proposition 4.50]), there exists iq such that 



on " 

for every i > zq. Thus, by [191 Corollary 5.24], we have 



V9M59A/| ^voi3M < ^(S]n,do)I3^'{Ris) 



{RiSo 



A-n 



b3M=RiSo 



Uivdvolfll^ - exp 2 / ^\^ ^ ds {R, 



ro 



A~n 



UiVidvolfl^i 



bSM=Riro 



< ^(5;n,(io 



6do+3 



I^{R,s^I^f{R,s^ 



for i > io. By rescaling i?^ '^Qm, we have 



l-n 



{u,)RAv^)RAotLr 



-so 



exp I 2 / ^'''^': ' ds I r}-^ 



'0 



<*(5;n,rfo) 



■50 \ rRi '^9M / \TRi '^9M, 



To 



6do+3 



T^i 9M / \ T^, 



)«,: 



b^i <>M=ro 



So) 



'Ui)RXv^)R^dY0\,'_l 



R~'9M 
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On the other hand, by Proposition I5.6[ we have 



D-2 



[Ui)RXv^)R^dvol^'_^'^'' 



2 {{Ui)R^ + {Vi)RfdY0\^l{'^'--j_^ {UifR^Vol^U^^' 



- 1 [,-. (v^rnAol^Lr 
'^ \l («oo + v^fdH-^ -U uldH--' - \ [ vldH-'^ 

= / UooVocdH''~\ 

JdBsoip) 

Therefore we have the assertion. D 

The following corollary follows from Proposition 15.231 directly: 

Corollary 5.24. Let r,s,R be positive numbers with < r < s < R and Mqc^oo 
harmonic functions on Bjr{p) . We assume that U^^ (r) = U^^ (s) and Voo is not a constant 
function on Br{p). Then, we have 

4"" [ u^v^dH^-' = ('-^] rl~^ [ u^v^dH^-' 

JdBs„{p) \'^0j JdBroip) 

for every r < r^ < sq < s. Here C = Uy^{r). 

Next proposition follows from Proposition 15.191 directly: 

Proposition 5.25. For every non-constant harmonic function u^o on C{X) with 
Uoo{p) = 0, we have 

ordoMoo > 1- 

Proposition 5.26. With same assumption as in Lemma l575[ for every < r < s < R, 
we have 

tLfpS::^di=fF^^m- 
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Proof. Since {b^^ ^M^dJjRi 9m^ _^ [vp^drp) on Ap(r, s), by Corollary 14. 37[ we have 



:^Ri gM 






Jr Jb^i ^M=t \ 



y-Ri '^9Mi)Ri "^'jM 



' IV^^' ^dMjjR, ^SAf I 



\\/^.^9M^R,^gMU^QlR,^9M^^ 



2 
\7RT^9Ml)R~'^9M 

' \'S/Ri^9Ml,R~^9M\ 



\/Ri ^9AiljRi ^9A/|2/^iJi ^gM\3-n^^^Y^i '^qm 









r; '^{du^,drpYdv= / Fu^{t)dt. 



Ap{r,s) 



u 



Proposition 5.27. For every < r < s < R and harmonic function u^o on Bji{p), 
we have 



DuAs) - D^^ir) = J^' 



^FuJt) 



t 



dt. 



Proof. We can assume that the assumption of Proposition 15.61 holds. By (4.3) in 
191. we have 



Ef\''' is) - Ef\'"' ir) 



-dt + 



rr-^i 9m I 



2F!^\''Ut) /•s2E"\^"(t) 



t 



dt- t 



,1-n 



2\^R- 9M( ) \2^^^iR- gM^^ 



6-", 9A/<t 



± t 



il—n 



fc«i ^W/<t 



-^Ri 9M 



Hess";.r ( V^"^« {ui)R, , V^"^« (m,)h, 

(fe«i SAf)2 ^ 



-2(i?rV/)(v^"^-(«.)K.,V« 



I 9aI| 



Mi)i?„ 



dvol^' '^Af^t. 



By Corollary 14.371 and Theorem 15. ![ we have 
lim 



By dominated convergence theorem, we have 



\diu^)RfdYo\^^ ^« = / Idu^l'^dH''. 

Bt{p) 



lim / t 



• l-n 



2|V^>'^«fu,)pfdvol^' ^«cit= / t^-" 



6-"i 9A/<t 



2\duoo?dH'^dt 



'Bt{p) 

'iEuJt) 



t 



dt. 



98 



On the other hand, we recall 



1 

lim — — — -7: 

Thus we have 



lim — — — -7- — T— / |HesS(),9M-i2 — 2gfi\/|(ivoF'*^ = 0. 






-2(i?rV)(v^»"^-(n,),i.,V 



""^"^{udR. 



dvol^^ ^^^'dt = 0. 



Therefore we have the assertion. D 



We shall give a short review of important works by Ding in [23] and [2l]. By Corollary 
13.58^ X is if"~^-rectifiable. By [211 Lemma 4.3], (X, if"~^) satisfies weak Poincare in- 
equality of type (1, 2) locally. Thus, by section 4 in [5] (or section 6 in [9]) and Proposition 
I7.25[ we can define the cotangent bundle T*X of X. We denote the differential section 
of a Lipschitz function / on X by dxf '■ X — > T*X. By [Qj Theorem 6.25], there exists a 
unique self-adjoint operator Ax on L^{X) such that 

{dxf,dx9)dH= [ f^xgdH^ 

X J X 

for every / G if 1^2 (^) and g G Domain(A). For every i, we take a i-th eigenfunction (pi 
on X and the z-th eigenvalue Aj > 0, i.e. /S.x<t>i = Xi(pi (0 = Aq < Ai < A2 < • ■ ■ )• We 
define the nonnegative number ai by satisfying Aj = ai{ai + n — 2) . According to [23] . 
the function Vi{r,x) = r'^^(j)i{x) on C{X) is a harmonic function on C{X). Actually, by 
[211 Theorem 4.15], for every Lipschitz function / G /C(C(X) \ {p}), we have 



(217) / (#, rfT;,)rfii'^ = r / f-«,(«, - l)r""-2^ 

^C(X) Jo JdBr(p) \ 



(218) - :^^a,r°-i + -{dxf,dx(p^) ]dH"-'dr 



'C(X) Jo JdBrip) 

n-1 „,._i 1 
(219) = / / (-a,(a,-l)r°-2^ 

'0 JdBr{p) 



(220) 

(221) = 0. 



{n - l)a,r"'-V0. + Kr'^^-^ f <p}\ dW'-^ dr 



Thus, Vi is a harmonic function on C(X) \ {p}. Moreover, by [24, Corollary 4.25], Vi is 
a harmonic function on C{X). By Theorem 15.91 Vi is locally Lipschitz. Especially, (pi is 
Lipschitz. Therefore, we have Ai > n — 1 (see ^31 Corollary 2.4] and [25| Corollary 2.5]). 
On the other hand, it is easy to check 

Uv^s) = ai 
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for every s > 0. We say that the function Vi is a homogeneous harmonic function with 
growth ai. We shall prove that we can apply p^ Theorem 4.15] for every d > Q and 
Moo G 'H'^{Moo) below. As a corollary, we will give the classification of harmonic functions 
with polynomial growth on asymptotic cones (see Theorem 15. 34p . 
We put 

ordooMoo = lim f/«^(r), ordoMoo = limf/„^(r) 

r— ^-oo r— ^0 

for every harmonic function Uoo on C{X). By an argument similar to the proof of fi9\ 
Lemma 1.36], we can prove the following proposition: 

Proposition 5.28. For harmonic functions Uoo,Voo onC{X), we have 
ordoo(Moo + foo) < max{ordooWoo, ordoofoo}- 

Definition 5.29. For harmonic functions Mooj'^oo on C(X), we say that Mqo o-nd v^o 
are orthogonal if 



Jdi 



u^v^dv = 0. 



IdBiip) 

Proposition 5.30. Let u^q he a harmonic function on C{X). We assume that 
ordooMoo = d < oo and that v and Uoo are orthogonal for every homogeneous harmonic 
function v with growth a satisfying a < d. Then, we have 



2d 



for every < r < s < cxd. 



Proof. For every i, we take the i-th eigenvalue Aj of Ax, a i-th eigenfunction (/)j of 
Ax, the nonnegative number «« satisfying Aj = ai{ai+n—2) and a homogeneous harmonic 
function Vi{t,x) = r°'^(f)i{x) with growth Oj. By Corollary 15.241 anf the assumption, we 
have 

f ViUoodH''-' = 

JdBt{p) 

for every t > and a^ < d. We put A = d{d + n — 2). We remark that ai < d holds if and 
only if Aj < A holds. We put id = max{z G N|q;j < d}. Thus, we have Aj^ < A < Aj^+i. 
We also remark 



Aj,+i = mf ^ -^^ 



u G i^i,2(X), M ^ 0, / ucjyjdH'^-^ = for every 1 < j < id 



Since the k-th eigenvalue A^ of AgBt{p) is equal to t~^Afc, we have 

IdBt{p)\^9Bt{p)Uoo\^dH'"~^ ^ X 



> 
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Here dQB^(p)f is differential section: dQBt{p)f : dBtip) — > T*dBt{p) of a Lipschitz function 
/ on dBt{p). On tlie otlier liand, by Tlieorem 13.221 and Proposition I7.22[ for a.e. t > 0, 
we liave \duoo\'^{w) = {{drp,duoo){w))^ + \dsBr{p)Uoo\'^ (w) for a.e. w G dBt{p). Therefore, 
we have 

(IdUooP - {dr^,du^Y)dH'--' > ^ / ul^dH-^-^ 

dBt{p) * JdBtip) 

i.e. 

JdBtip) 

for a.e. t > 0. We shall use the notation: /' = df /dt for locally Lipschitz functions / 
on R below. By Proposition 15.271 D^^ is locally Lipschitz function on (0,oo). By the 
definition of Du^ , Proposition 17.221 and Rademacher's theorem for Lipschitz functions on 
R, we have 



D^^(t) = (2-n)ti-" /" {U^u^fdH'^ + e-'^ f {U^u^fdH''-^ 

JBtip) JdBtip) 

for a.e. t > 0. Therefore, we have 

tD'^Jt) - (2 - n)D^^{t) - F„^(t) > A/„^(t) 

for a.e. t > 0. On the other hand, by Proposition 15.271 we have D'^^{t) = 2F„^(t)/t for 
every t > 0. Therefore, we have 

for a.e. t > 0. Thus we have 

D'^Jt) 2{2-n) ^ 2XI^Jt) ^ 2A 
Dujt) t - tDuJt) - dt 

for a.e. t > 0. Therefore, we have 

, , 1 2A + 4d - 2nd 

<^^^) = I 2 

, , 1 2d(d + n-2)+Ad-2nd 

(224) = ^ 

^ ' t d 

(225, ^ ^. 

for a.e t > 0. By integrating the inequality above, we have the assertion. D 
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Proposition 5.31. Let g be a Lipschitz function on X and f a C"^ -function on R>o. 
We assume that /(I) = 1, liinr-^of{r) = 0, g ^ and that function u{r,x) = f{r)g{x) 
on C{X) \ {p} is locally Lipschitz and harmonic. Then, there exists A > n — 1 such 
that Axg = \g and that f{r) = r^. Here p is the nonnegative number satisfying A = 
p{p + n — 2). 

Proof. For every i, we take the i-th eigenvalue Aj of Ax and a i-th eigenfunction 0j 
of Ax- We put g = Yl^i'^i'Pi iii Hi2{X). For every function h on X, we shall define 
a function K^ on dBj.{p) by h^{r,x) = h{x). It is easy to check that g^ = Yl^i^i'Pl i^ 
Hi^2{dBr{p)). We remark that Aqb,(p)<P1 = A[0[ and A[ = r'^A^. By ^ Theorem 4.15] 
and Corollary 14.371 for every Lipschitz function G /C(C(X) \ {p}), we have 



0= / {du,d(f))dH'' 

lc{x) 



JdBr{p) 

oo 



£f n-ldf 

'r)g{x) 1^ — (^)fi'(a;) ) + {ddBrip)4>,ddBrip)9lf{r) 1 dH'' ^dr 



dr"^ 
dV, 



2 yr)g{x] —(r 

JdBrip) \ "' "■ j = l 



dr^ 



r dr 

n — 1 df 
r dr 



k(x) + /(r)X^a,A>[U/f"-W. 



Especially, for every Lipschitz function a G /C(R>o) and Lipschitz function b on X, we 
have 

' d'f\ 



oo 



a[r) I b{x) 

JdBrip) 



n — 1 df 



dr 



2,r)^(x)-^— — (r 



)g{x) + f{r)Y,a,XA: dH^-'dr = 0. 



i=l 



Since 



the function 



oo « p 

Y^iKfal / m'dH--' = / IdaB^^p^g^dH^-' < oo 



^2 x n- Idf °° 

—^{r)g{x) ^—:j;:ir)g{x) + f{r) ^ a,\ 



m 



i=l 



dr"^ r dr 

on dBrij)) is in L'^{dBj.{jp)). Since the space which consist of Lipschitz functions on dBr{p) 
is dence in L'^{dBr{p)), we have 

d'^f. . . . n-ldf 



'o ' JdBrip) 



oo 

a{r] 

' JdBrip) 



dr^ 

dy 



dr 



r)g{x) 
2 Kr)9{x) 



r dr^')3{x) + f{r)Y,a^K<P: 
{r)g{x) H — 22 0'i^i(Pi 



dH''-'dr 



r dr 



X 



i=l 



dH^'-'dr. 



On the other hand, it is easy to check that the function ( of r) 



/, 



dBrip) 



d^ f n — 1 df fir) °° 

—^{r)g{x) - —— — {r)g{x) + — ^ JZ a.XMx] 



dr"^ 



r dr 






i=l 



dH 



n-l 
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is continuous. Therefore for every r > 0, there exists A{r) C X such that if" ^{X \ 
A{r)) = and 



for every x G yl(r). We put 



^-|^w + ("-i)|w- 



Then, for every Lipschitz function on X, we have 

/ \g(t)dH^-^= / 0Va,A,0,rfii"-i= / {dx(t),dxg)dH^-\ 
Jx Jx ^^^ Jx 

Thus, g is a, A-eigenfunction. Therefore, by j23l Corollary 2.5], we have \> n — 1. For 
every r > 0, we have 



dr"^ Jx f dr Jx r"^ Jx 

= -ff^r) [ g'dH--' - I^^^(r) / g^dH^-^ + ^A / g^dH^'K 
dr^ Jx r dr Jx r^ Jx 

Thus, we have 

■' '-^ ■' r) + ^A = 0. 



dr'^ r dr r^ 

Therefore, we have the assertion. D 

Next corollary follows from Proposition 15.261 and Proposition 15.311 directly: 

Corollary 5.32. Let u^o be a nonconstant harmonic function on C{X) with Uoo{p) = 
0. We assume that ordoWoo = ordoo^oo = d < oo. Then, the function g{x) = Uoc{i,x) on 
X is a d{d+ n — 2) -eigenf unction of Ax- Moreover, we have Uoo{r,x) = r'^g{x). 

Corollary 5.33. Let Uoo be a nonconstant harmonic function on C{X). We assume 
thatUoo{p) = 0, ordooW = d < oo and thatv anduoo are orthogonal for every homogeneous 
harmonic function v with growth a satisfying a < d. Then, the function g{x) = ■Uoo(l,x) 
on X is a d{d + n — 2) -eigenf unction of Ax- Moreover we have Uoo{r,x) = r'^g{x)- 

Proof. We fix < r < s < oo. By Proposition 15.141 we have Du^{s)/ Du^{r) < 
Iu^{s)/Iu^{r)- By Proposition EHZl we have 



lujr) \rJ 
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On the other hand, by the assumption and Proposition 15.301 we have 



Therefore, we have Uu^{s) = Uu^{r). By Corollary I5.32[ we have the assertion. D 

For every i, we denote the i-th eigenvalue of Ax by \i{X), (0 = Ao(X) < Ai(X) < 
A2(X) <■■■)• For A > 0, we put ^a(^) = span{0i; A^^i = Ai(X)0i, A^ < A}. Then, 
by an argument similar to the proof of p^ Theorem 1.67], we have the following main 
theorem in this subsection. 

Theorem 5.34 (Harmonic functions with polynomial growth on asymptotic cones). 
For every d > 0, we have 

dimH\C{X)) = dimE,(,+„_2)(X). 

Especially, we have dim/7^(C(X)) < oo. 

5.2 Gromov-HausdorfF topology on moduli space of asymptotic 
cones. 

In this subsection, we will study the moduli space of asymptotic cones of a fixed nonneg- 
atively Ricci curved manifold M with Euclidean volume growth. In general, asymptotic 
cones of M are not unique. See [7] and [73] for such examples. Therefore, we shall con- 
sider the moduli space of them: Mm = {X: compact geodesic space ; (C(X),p) is an 
asymptotic cone of M }. We define a topology on Mm by Gromov-Hausdorff distance 
dcH- On the other hand, if we put Mm = {{Mooyrrioo) : an asymptotic cone of M} 
and define a topology on A4m by pointed Gromov-Hausdorff topology, then the canonical 
map 7r(X) = {C{X),p) from Mm to Mm give a homeomorphism. We remark that if a 
sequence of asymptotic cones {M^,m^^) of M converges to some proper geodesic space 
{M^,m'^), then {M^,m'^) is also an asymptotic cone of M. Therefore, by Proposition 



12.91 Mm is compact, especially. Mm is compact. The main result in this subsection is the 
following theorem. We can regard it as "A^ a/- version" of [301 (0-4) Theorem] by Fukaya 
or [9l Theorem 7.9] by Cheeger-Colding. 

Theorem 5.35. IfXi converges toX^o in Mm, then {Xi,H'"-~^) converges to (Xoo,-f^""^) 
Moreover, we have 

lim Afc(Xj) = Afc(Xoo) 



foe every k>l. Here, Xk{X) is the k-th eigenvalue of the Laplacian Ax on X E M 
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M- 



Proof. Let Xi be a point in Xi and Xoo a point in X^o satisfying that Xi — )■ Xoo- We 
take r > and e > 0. We put A[{xi) = {{t,x) G C{Xi);x G ^^(xi), 1 - e < t < 1 + e.}. 
By Proposition 14.131 we have 



\im H^iAlix,)) = H'^iAlix^)). 



By Proposition 17.221 we have 

"l+€ 



H-iAlix,)) 



[ \^-\dBM n A:{x,))dt = C{n)eH^-\B^'{x,)) 

Jl-e 



for every 1 < i < oo. Here, pi is the pole of C{Xi). Thus, we have {Xi,H"'~^) — )■ 
{Xoo,H"'~^). We shall give a proof of second assertion by induction for k. We fix 
a subsequence {n{i)}i of N. We take a Lipschitz function on Xn{i) satisfying /f G 
^Ai(x„(,))(^n(i)) and 

By the definition, we have 



ffn 






We define a harmonic function m^ on C(X„(j)) by % (r, x) = r"i f^ (x). Here a" 
is the positive number satisfying Ai(X„(j)) = a" (a" +n — 2). Since Ai(Xri(j)) > n — 1, 
we have a" > 1. Then, by Proposition 13. 22( we have 



n(i)\2. 



^0 

2a"^'^ + n - 2 2ai ^'^ + n - 2 

By Li-Schoen's gradient estimate (Theorem I5.44p and Theorem 15.91 we have 

m[Bj[Pn{i))) J B,{p^^,^) 

On the other hand, by Claim I5.42[ we have 



A,(X„(,,)) < C{n' ' ^ 
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2 

n-1 



for every j. Thus, we have 



n{i) 



Lip(Mi |b2(p„„)) < C{n,VM). 



By Proposition [2]TT1 there exist a subsequence of {m{i)}i of {n{i)}i, a Lipschitz harmonic 
function u'^ on -82(^00) ? a Lipschitz function f^ on Xqo and a nonnegative real number 
af such that u^ -)■ nf on i?2(poo), /i"" -^ /r o^ ^00 and that a^*^ "~^ 0^1°- Thus, 
we have uf{r,x) = r°i°/{^(x) on i?2(poo), 



hm / (/r^'Vdi/"-^ = / if^YdH^-\ 
On the other hand, by Proposition 15.61 and Theorem 15.91 we have 
hm / t=^-" / \d9B,ip^,,,)uf'^\'dH''-^dt=\im( [ tD,^,„^,)(t)dt - [ F^^(.){t)dt 

= I tDu^{t)dt- I Fu^{t)dt 
Jl-e Jl-e 

= [ i^'"" / \d9B,ip^)ur\'dH^-'dt 

Jl-e JdBtipoo) 

for every < e < 1. Since \ddBt{p^^,^)Ui \^ = t^"'^ ~'^\dx(m(i))Ui\^, we have 
\ddBt{Pm(,^)U^ ' \^dH'^~^dt = I 

t(Pm{i)) >^1- 



e- \des.^,^^^^)uf'^\'dH-'dt= / t^-V^^'-V^W \dx^^^^uf'^\'dH-'dt 



m(i) 

1 



l-e 



1 _ (1 _ e)2<w+i 
zq;;^ +1 



Similarly, we have 



'l-£ JdBtipac) ^"1 + ■•- ^X 

Therefore, we have 



.--ff«-i(X„(,))i^^^ '^^ ' .^^ - "'^'^^ i7-i(X. 



00; JX 



Therefore, since {n{i)}i is arbitrary, we have 

liminfAi(Xi) > Ai(Xo 
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On the other hand, by [9], Theorem 7.1], we have 

hmsupAi(Xi) < Ai(Xoo). 

i— >-oo 

Therefore we have 

hm Ai(X,) = Ai(Xoo), 

f^ is Ai(Xoo)-eigenfunction. 

Next, we fix an integer k > 2. We assume that 

hm A,(X,) = X,{X^) 

j— 5>00 

for every 1 < j < A; — 1 and that for every subsequence {n{i)}i of N, there exist 
a subsequence {m(z)}j of {n{i)}i, Aj(Xm(i))-eigenfunction fj on X^d) and Aj(Xoo)- 



m{i) _^ f<^ ^^ V J i^f4Mi)\ 



eigenfunction /°° on X^ such that fj ^ fj" on X^, Lip(/^. %2(p™(.))) ^ C{nJ, Vj, 



M, 



for every 1 < j < A; — 1 and that 

for every I < j < I < k — 1. EspeciaUy, {fj"}i<j<k-i are hnearly independent in L^(Xoo). 
We fix a subsequence {n{i)}i of N and take a subsequece {m(i)}j of {n{i)}i as above. We 
also take a Afc(Xm(j))-eigenfunction /^ such that 






We define a harmonic function m^ on C(Xm(i)) by u™ (r, a;) = r"fc /™^*^(x). Here 
a^ is the positive number satisfying ot^ {ot^ + n — 2) = \]^{Xm(i))- 

By Proposition 12.111 and an argument similar to one of the case A; = 1, we can assume 
that there exist a locally Lipschitz harmonic function u^ on C{X^), a Lipschitz function 



m(i) I 



f^ on Xoo and a nonnegative number a^ such that 'hiYi{u^ \b2{p^u))) ^ C{n,k,Vi 






A/j 



Lip/r^^^ < Cin.KVu). ur> ^ wr on C(X^), /^^'^ ^ /- on X,, and al'''> ^ «,-. 
Thus, we have u'^{r,x) = r°*"/^(x). By an argument similar to one of the case A; = 1, 
we have 

lim / \dff^\HH'''^ = [ \df^\HH'^-\ 

j— s>oo Iy Iv 

On the other hand, by Proposition 14.131 

lim / ffi)f^ii)dH^-l = f foOfoo^^n-l_ 

j— >CXD Iv Iv 
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for every I < j < I < k. Thus, we have f^ G (span{/i°°,... , /^J)^ and f^ ^ 0. 
Therefore, by min-max principle, we have 

'^ °^^- ixjfrydH--'- 

Since {n{i)}i is arbitrary, we have 

Afc(-^oo) < hminf Afc(Xj). 
On the other hand, by [9|, Theorem 7.1], we have 

hmsup AA:(Xi) < Afc(Xoo). 

j— ^oo 

Therefore, we have 

hm Afe(Xi) = Afc(Xoo), 

^—^cx3 

f^ is a Afc(Xoo)-eigenfunction. Thus, by induction, we have the assertion. D 

Remark 5.36. By the proof of Theorem 15. 35[ with same assumption as in Theorem 
I5.35[ if a sequence of Afc(Xj)-eigenfunction fl on Xj converges to some Lipschitz function 
f^ on Xoo, then f^ is also a Afc(Xoo)-eigenfunction. 

5.3 Asymptotic behavior of spaces of harmonic functions on 
asymptotic cones 

In this subsection, we shall give a Weyl type asymptotic formula for harmonic functions 
on asymptotic cones of a fixed nonnegatively Ricci curved manifold M with Euclidean 
volume growth, as in [22] by Colding-Minicozzi. See [221 Theorem 0.26], [2^ Proposition 
6.1] and Corollary 15.471 On asymptotic cones of such manifolds, we can give a Weyl type 
two-sided bound asymptotic formula. See Theorem I5.43[ 

Proposition 5.37. For every n- dimensional complete Riemannian manifold M with 
RicM > and Vm > 0, {M^,m^) e Mm and d> 0, we have dimH''-{M^) < C{n)d'^~^. 
Moreover, for every V > 0, there exists d{V,n) > 1 such that for every n-dimensional 
complete Riemannian manifold M with RIcm > and Vm ^ V, d > d{V, n) and 
(Moo, moo) £ Mm, we have 



n—l 



Proof. This follows from proofs of [221 Proposition 3.1], [221 Proposition 6.1] and 
Theorem 15.341 We shall introduce important ideas used in proofs of their propositions 
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and give an outline of a proof of our assertion only. We fix V > 0, an n-dimensional 
complete Riemannian manifold M with Hicm > and Vm > V and (Moo,?7ioo) G M.m- 
There exists a compact geodesic space X such that (Moo,r?7,oo) = (C(X),p). We take 
di = di{n) > 1 satisfying that d{d + n — 2) < 2d'^ for every d > di. We take an i-th 
eigenfunction Ui of Ax and the i-th eigenvalue Aj(X) of Ax satisfying 

UiUjdH^'^ = 5ij. 

We put Nd = max{/ G N; A;(X) <d{d + n-2)}. Then, we have 



f \dui\^dH''-^ = A,(X) < rf(rf + n - 2) 
Jx 



for every 1 < i < X^. On the other hand, by the proof of [221 Proposition 6.1] (and 
Proposition I7.25p . there exists d2 = d2{n,VM) > di such that for every d > d2 and 
{xi}i<i<i which is a maximal l/(i-separated subset of X, we have 



'n— 1 



/ < C{n)VMd 

We fix C > 1 and d > ^2. (We will decide C depending only on n later.) Let {xj}i<j<i be 
a maximal l/(C(i)-separated subset of X. We put V = span{Mj; 1 < i < Nd}. We define 
a linear map Ai from V to R' by 



M(v)=\l vdH''-\...J vdH""^ 

We put /C = KerA^. Let wi,... ,Wfc be an L^(X)-orthonormal basis of /C. We take 
Wk+i,- ,wm^ G V satisfying that {wj}i<j<Ar^ are an L^(X)-ortho normal basis of V. By 
Poincare inequality on X (see [24j Lemma 4.3]), we have 



J B^ 



wUh^-' < ^M / IdwA^dH'^-' 



' - (Cd)^ l~ ■ ' ^' 



'B2/C■d{x^) K^"-) JB2/CdM 

for every 1 < j < k and 1 < i < I. Therefore, we have 

~tJB2/cd{^,) l<-aj ^JB2/CdM {^d) Jx 

for 1 < j < k. Thus we have 



We put C = \j2C{n) for C{n) as above. Then we have k < Nd/2. Since Nd = k + 
dim(Image A^), we have Nd < 21 < C{n)VMd"'~^. On the other hand, by Theorem 15.341 
we have diinH'^{Moo) < Nd. Therefore, we have the assertion. D 
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Proposition 5.38. For every l^ > 0, there exists d{V,n) > 1 such that 

dimH\M^) > C{n)VMd''~^ 

holds for every n-dimensional complete Riemannian manifold M with Ricju > and 
Vm>V, d> d{V,n) and {M^,moo) G Mm- 

Proof. We fix y > 0, an ?7,-diinensional complete Riemannian manifold M with 
RicAf > and Vm > V, and X G Mm- First, we remark the following. This follows from 
Proposition 17.251 directly. 

Claim 5.39. Let e be a positive number, k a positive integer and {xi}i<i<k points in X . 
We assume that {xj}i<j<fc are an e-separated subset of X . Then we have k < C{n)/e^^^ . 

We shall give an upper bound of the first eigenvalue for Dirichlet problem on each 
balls: 



Claim 5.40. We have 



L^(.) \dxk\'dH--' c{n) 
mf ^ TTr-TTz — ; — < 



)Br{x) '" "-"" ■'' 



for every x & X and < r < tt 



The proof is as follows. We define a Lipschitz function A; on X by k{w) = max{r/2 — 
x,w, 0}. By the definition, we have k G )C{Br{x)), 



and 



f \dxk\^dH''-^ = H''-\Br_{x)) 

J Brix) 



[ k^dH^'-^y [ k^dH^'^^y [ —dH"~^>—H''~\Br{x)). 

JbAx) >^^5(.)W JBr{x) 16 16 * 



By Proposition I7.25[ we have 



L^ix) \dk\''dH^ 1 ^ 16 H^-\Br{x)) ^ C{n) 



Thus, we have Claim 15.401 

Claim 5.41. We have 

lim sup < C in) 

for every x G X. 
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The proof is as follows. For every sufficiently small r > 0, we put A = {{s,w) G 
C{X); 1 — r < s < 1 + r,w E Br{x)}. By Proposition I7.22[ we have 

(226) m(B,r{l,x))= [ ^ R^~\dBt{p)nB,r{l,x))dt 

Jl-r 

(227) > / H^'-^dBtip) n A)dt 



(228) > C{n)rH''-\Br{x)). 

Therefore, by Bishop- Gromov volume comparison theorem on limit spaces, we have Claim 

Claim 5.42. We have 

2 
d 



Xd{X) < Cin) 



^if"-i(X)^ 

for every d > 1. 

The proof is as follows. We fix < C < 1. (We will decide C depending only on n 
later.) We put 

and take maximum e-separated subset {xj}i<j<fc of X. By Claim 15.391 we have k < 
C(n)/e"-i < C(n)d"-V(C"-^i7"-^(X)). On the other hand, we have 

k 

Y,H^-\B2,{xi))>H^-\X). 

i=\ 

By Claim [5^41] and Proposition 17.251 we have H^~^{B5^{xi)) < C(n)e"~^. Thus, we have 

k 

H^'\X) < Y,H''-\B2,{xi)) < kC{n)e^-\ 

Therefore, we have 

^ Ci{n)H^-\X) ^ C^{n)H^-\X)d ^ Ci{n) 

Here Ci{n) is a sufficiently small positive constant depending only on n. We define C by 
C = Ci{ny^^"'^^\ Then, we have k > d. By Claim [5301 for every 1 < i < k, there exists 
4>i G /C (-Be/10 (a^j)) such that (pi j^ and 

kM^.) m'dH--' ^ C{n) 
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Since {i?e/io(a^i)}i are pairwise disjoint, {4>i}i are linearly independent in L^(X). Then, 
for every ai,... , a^ G R satisfying ^^^^(aj)^ 7^ 0, we have 



(229) 






,|2jU?i-l 



a,6i)rdH'- 



(230) <J2^ I M^fdH 



(231) 



^(n 



<^2 



y^ flj^i 



c/if' 



n-l 



Thus, by min-max principle, we have Ajt(X) < C{n)/e^. Therefore, we have 



UX) < Afe(X) < ^ < C{n) ^ '^ 



2 

n-l 



Thus, we have Claim 15.421 

The assertion follows from Claim 15.421 and Theorem 15.341 D 

The main result in this subsection is the following: 

Theorem 5.43 (Weyl type asymptotic formula on asymptotic cones). For every V > 
0, there exists d{n, V^) > 1 such that 



holds for every n-dimensional complete Riemannian manifold M with RIca/ > and 
Vm >V,d> d{n, V) and (Moo, ^oo) G Mm- 

Proof. It follows from Proposition 15.371 and 15.381 directly. D 

5.4 A dimension comparison theorem and Liouville type theo- 
rem 

In this subsection, we shall give a comparison theorem for dimensions between a space 
of harmonic functions on a fixed nonnegatively Ricci curved manifold with Euclidean 
volume growth, and one on an asymptotic cone of the manifold (Theorem 15.451 below). 
Essential tools to prove it are [HI Lemma 3.1] (or fT9l Lemma 7.1]) and several properties 
of frequency functions on asymptotic cones given in section 5. As a corollary, we will give 
a Liouville type theorem on the manifold. See Corollary 15.481 First, we shall introduce 
an important mean value inequality for subharmonic functions on nonnegatively Ricci 
curved manifolds by Li-Schoen: 
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Theorem 5.44 (Li-Schoen, [61]). Let M be a complete n- dimensional Riemannian 
manifold with Ricjvf > Q, m a point in M and R a positive number. Then for every 
nonnegative subharmonic function f on B^ii/2{'n^), we have 

C{n) f 
sup / < , „ . . / fdvol 

We remark that if Kicm > 0, then, by Bochner's formula, for every harmonic function 
h on Bii{m), we have, |V/ip is a subharmonic function. We fix an n-dimensional complete 
Riemannian manifold M with RIcm > and Vm > below. 

Theorem 5.45. For every d > 0, e > and nonnegative integers k < diTaH'^{M) — 1 
and <l < k, , there exists (Moo,wioo) € M-m such that 

I < dim/7^-fe('^-i+t)+i-t+^(Moo) - 1. 

Proof. Without loss of generality, we can assume that k > 1 and / > 1. We take 
linearly independent harmonic functions Ui,U2,... ,Uk G H^{M) satisfying Ui{m) = 0. We 
put 

Jr{ui,Uj) = / {dui,duj)dvo\^'^' 

JbSMKr 

for every r > 0. We define Ui = J2]^i ^jii''^)'^j + ''^v by satisfying Jr{wi^r,uij,r) = for 
i ^ j and put 



/,(r) = / \dw,,rrdvo\'^''. 

Claim 5.46. We have the following: 

1. There exists K > Q such that fi{r) < x {r'^'^~'^~^"' + 1) for every i = 1,... , k and r > 0. 

2. fi > 0. 

3. fi{r) <fi{s) forr< s. 

4- fi is a barrier for t'^~'^D^' (t) at every s > 0. Here, for functions g,h on H and 
a real number r G R, we say that f is a barrier for g at r if f{r) = g{r) and 
f{s) < g{s) for s < r. (see also IT^ Definition 4.6/^. 



By the trivial monotonicity of t""'"^ D'^'^' (t) and an argument similar to the proof of ^191 
Proposition 8.6] (or [T8l, Proposition 4.7]), we have Claim [5361 

We put A = }^Ji_^_-^ ■ By ^18i Lemma 3.1], for every A^ G N>2, there exist a subse- 
quence {m{N, 'J)}ieN of N and a pairwise distinct integers a^ ,... , af G {1,... , k} such that 
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f,(^j^miN,i)+i^ < 2A^^(2rf-2+«)/^.(iV"^(^'^)) for every j G {af ,... ,af } and i G N. By Claim 
I5.46[ we have 



/,(iV-W-)+i) ^ iN-(^'^^r-'D'Jl^^,,,,jN' 



m(Af,^)+l^ 



/}9M /'jYm(Af,^)+l^ 



Thus, we have 



J.N" 



r)9M ( ]\Tm(N,i) ^ 



^ r,7YA(2d-2+n)+2-n 



We define a harmonic function w, '* on -BJv/io ^'^ (m) by 

(232) 



-1 



(233) X I AT'^^^'') / — — -— ^^ ^^ ,,,.,^, /" |ciw,-^™(iv.)+i|2dvoP 

We assume that A^ is sufficiently large below. Then, for xi,X2 G -B]v/io (m), by 

Li-Schoen's gradient estimate, we have 

(234) 



IWj. (xi) -u;^- ^ (X2)| 
(235) 

< sup \'VWj^j^,r,{n,i) + l\Xl,X2^'^' 

Bpfm{N,i) iV (™) 

(236) 



(237) 



-1 



<C(n)J — - — — ,,,.,„.,, / Ifiti;,- ^rm(iv,^)+lP(ivoF" 

- ^ ^y voF«({69«<Ar-W02|[})_/^,^^^^„,^,,)2^i J'^ ' •' I 

(238) 

(239) 
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By Proposition 12.111 and compactness of J^m, without loss of generality, we can as- 
sume that there exist Xj^ € A^a/ and Lipschitz functions Wj '°° on Bj^/iq{pj^) such that 
(M,m,(Ar™(^'*))-MM,wf'') ^ iCiXN),PN,wf'°°) (j e {ai,--- ,aj). On the other 
hand, 

(240) 



(241) X / ,„,, |rf(^™(--'))-V.^A^,^|2^^Ql(A^-'-''')-.M 



(m) 

(242) = .,,, „ ^ -^ / Mi.,,^.(..,+.p(iV™(^'^))2rfvoF- 

^ ' V voF^({6^M<iV-W«)})y,,,,<jv™w,)' ^'^ ^ ' ' 

(244) = l±^(r^n,iV). 

By Corollary 14.371 and Theorem 15.11 we have 
Similarly, we have 

Jbi{pn) 

for i 7^ j. Therefore, {w '°°}j are linearly independent harmonic functions. For conve- 
nience, we shall change the notation: {ai ,... ,a^} = {1,...,/}. By Proposition I5.14| we 
have 

J 3 J 3 

Thus, by Proposition 15.111 we have 



N 

exp / ""' 2^^ — —dt < 2Ar^(2rf-2+n)+2-n_ 



We take 1 < / < A^/100. Since 

U N,oo{t) 
11) ■ ' \ / 



N 
100 



exp / 2^ dt < 2Ar^(2<i-2+n)+2-n^ 



by Proposition I5.14[ we have 



2U jv,ooG) 



f ^^ \ "J ^ 2 /V'*'(2'^-2+n)+2-n 



Vioo/ 
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I.e. 



log A^ log A^ 

2U N,ooil) < ^ ^ + ^ :-(X(2d -2 + n)+2-n). 

""^ logiV-log(100/) logAr-log(100/) 

Therefore, for every I > 1, there exists N^ such that f/^iv,oo(a) < X{d — l + n/2) + l—n/2 + e 
for every N > N^ and 1 < a < I. We take xi G B j_{pj\j). By Li-Schoen's gradient estimate 

10 

and Theorem 15.91 we have 



(245) L.p<-»(.0 < C(„),/^— ^ y^ (Lip<»)Mi.. 



(246) <Cin,VM)Ji-'' [ \dwf^\''dR 



(247) <C{n,VM,\,d)jH-^ [ \wf''^\^dK'^ 



dBiipN) 



(248) <C{n,VM,X,d)i-\ / {wf^'dH^^- 

y H"" \dBiipN)) JdBiip^) ^ 

On the other hand, by Proposition I5.14[ we have 

/ ri2U^N,^{t) \ 

(249) I^M.^il) = exp U^ ^ dt\ 4^...(l) 

, , / /■' \(2d -2 + n) + 2-n + 2e \ 

(250) < exp I y^ ^ ^ dt j 4^^,^ (1) 

(251) < /^(2rf-2+")+2-"+2v^^.oc(l) 
for N > Ni. By Proposition 15.191 we have 

< / iV,oo(l) < / N,oo{l)U N,oo{l) < D N,oo{l) = 1. 

Thus, we have I^n,o.{1) < /A(2d-2+n)+2-n+2e^ Therefore, we have 

i 

Lip [wf^B^ip.^ < C(n,V^M, A,rf)F'^-^+"/2)-"/^+^ 

By Proposition 12 . 1 II and compactness of A^m? we can assume that there exist X^o G Mm 
and locally Lipschitz harmonic functions Wj° E iJ^('^^^+"/2)+^^"/2+''(C(Xoo)) such that 
Xjv — )■ Xao and that Wj '°° — )■ w°^ on -B_r(Poo) for every i? > 0. By Corollary 14. 37[ we have 

Especially, {w°°}j are linearly independent nonconstant harmonic functions. Therefore 
we have the assertion. D 
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As a corollary of Theorem 15.451 we have the following result by Colding-Minicozzi: 

Corollary 5.47 (Colding-Minicozzi, [22]). For every V^ > 0, there exists d{V,n) > 1 
such that 

dimH\M) < C{n)VMd''~^ 

for every d > d{V, n) and n- dimensional complete Riemannian manifold M with RIcm > 
and Vm > V . 

Proof. By taking k = [(diniif'^(M) — l)/2] as in Theorem 15.451 the assertion follows 
from Theorem 15.431 and Theorem 15.451 directly. Here [a] = inf {/ G Z; a < /} for every 
a G R. D 

We put Ai = inf{Ai(X);X G Mm} and define c?i > 1 by 

-(n - 1) + v/(^-2)2 + 4Ai 



di 



2 
By Theorem 15.351 we have the following: 

1. H'^{Moo) = {Constant functions} for every (Moo, moo) £ -Mm and < d < di. 

2. H'^^{Moo) 7^ {Constant functions} for some (Moo,''^oo) ^ M.m- 

Corollary 5.48 (Liouville type theorem). We have H'^{M) = {Constant functions} 
for every < d < di. 

Proof. We assume that the assertion is false. We take e > satisfying e < di — d. 
By taking /c = / = 1 as in Theorem I5.45[ there exists (Moo,moo) E M-m such that 
2 < dimif'^^^(Moo). This is a contradiction. D 

Finally, we end this subsection by showing the following. See also [201 Conjecture 0.9]. 
Corollary 5.49. Let d be a positive number and u G H'^{M). Then we have 

liminf ( sup [/f«(ts) ) <d 

for every compact set K C (0, oo). 

Proof. Assume that u is not a constant. By the proof of Theorem 15.451 for every e > 
0, there exist sequences of positive numbers {Ri}i, {-Rj}i, an asymptotic cone (Moo, moo) ^ 
M.M and a nonconstant harmonic function Moo G if '^"'"^(Moo) such that Ri — )■ cxd, i?j — ;■ cxd, 

{M,m,R-^dM) -^ (Moo, moo), sup^ Lip^» ''^^^ ({u)r] R-^a.. ) < oo for every R > 

\ " B^- (rrii)) 
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and that {u)j^,{xi) — )■ ^00(3^00) for every sequence Xi — )■ Xoo with respect to the conver- 
gence {M,m,R-^dM) -^ {M^,m^). By the definition of f/^"(t), we have ul^l^f'' (s) = 

U^'^'is) = Ui^'iRis) for every s > 0. Thus, since hm^^oo (sup.^;^ I^hI'''(^) " ^"-(s) 
and Uu^ < d + e, we have hminf(_>oo (sup^g^^ U-^/^'its)) < d + e. Therefore, we have the 
assertion. 

D 

6 Stability of lower bounds on Ricci curvature via 
Laplacian comparison theorem 

In this section, as an apphcation of Theorem 14 .2 71 we shall establish Laplacian comparison 
theorem on Ricci limit spaces. For iJ G R, we define a smooth function k^^ on R by 

K'H{r) + HU^{r) = Q, M0) = 0, A;'^(0) = 1. 

Here /' = df /dr for every differentiable function / on R. We remark the following: 

1. (Laplacian comparison theorem on manifolds). For every n-dimensional complete 
Riemannian manifold M with RIcm > H{n — 1) and point p G M, we have 



for every x E M\ {Cp U {p})- 

2. For the ra- dimensional space form M^ whose sectional curvature is equal to H and 
every point p E Mj^^, we have 

-^ ^ 'k^iprx) 

for every x G M^^ \ {Cp U {p}). 

3. If an ra-dimensional complete Riemannian manifold M satisfies that 

for every p E M and x E M \ {Cp U {p}), then we have RIcm > H{n — 1). 

See for instance [1], [7], [53], [72] and [93]. The following theorem is the main result in this 
subsection. This formulation is given in [53] by Kuwae-Shioya on weighted Alexandrov 
spaces. 
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Theorem 6.1 (Laplacian comparison theorem). Let H be a real number, {Y,y,v) 
a {n,H)-Ricci limit space {n > 2), x a point in Y and R a positive number and f a 
nonnegative valued Lip schitz function on Bfj{x). Then, we have 

[ {df, dr,)dv >-{n-l) f f'f^J {w)dv. 

JBr{x) JBr{x) I^hK^i'^) 

Proof. Let (Mj,mi, vol) -)■ {Y,y,v) with RicAf^ > Hi{n- 1) satisfying Hi -^ H. We 
take L >1 and x(j) G Mj satisfying \f\L°°{BR{x)) + Lip/ + v{Br{x)) < L and x(j) — )■ x. 
First, we assume that suppfn{{x}UdB^,^^{x)) = 0. Here, if iJ < 0, then dB^,^{x)) = 
0. Then there exists r > such that supp/ fl Bj. i{x} U dB^,^{x) ) = 0. By Theorem 

I4.27[ for every e > 0, there exist an open set Q,^ C Bji{x) \ Bj. [{x}l-idB^,^{x)], 
2L-Lipschitz function /^ on Br{x) and a sequence of 2L-Lipschitz function // on Bji{xi) 
such that supp/^n5, (^{x} U dB^/^{x)j = 0, supp//n5, (^{x{i)} U dB^/^{x{i))^ = 0, 
{f[,df,^)^{f%df) on n^ and 

v(n^UBr({x}UdB^^^{x))) 1 r 

^^(5ii(a;)) t^(Sij(x)) Jbr(x) 

By Proposition I2.12[ we can assume that there exists a finite pairwise disjoint collection 
{BrXxi)}i<i<N such that fi" = IJi=i-^n(^i)- We take a:i(j) G Mj satisfying Xi{j) — )■ Xj. 
Then, by Proposition 14. 13^ we have 

(252) / {df;,dr^^,))dvo[= [ _ {df;,dr^^^))dvo[ 

JBnixiJ)) JBn{x{j))\Br{{x{3)}yJdB^i^{x{j))) 

N 

(253) = V / (rf/;, dr,(,))(ivol ± ^(e; n, L, H) 

i=l JBr^(x,{j)) 

N 

(254) = J2 / (^r^ ^^-)^^ ± ^(e; ^, ^, ^) 

i=l JBr,{x,(j)) 



(255) = / _ {df\dr^)dv±'^{e;n,L,H) 

lBR{x)\Br{{x}VJdB^^^{x)) 



(256) = / {df,dr^)dv±^{e;n,L,H) 

JBaix) 

(257) = /" {df,drs)dv±^{e;n,L,H) 

JBaix) 

for every sufficiently large j. On the other hand, for every i, there exists a Lipschitz func- 
tion iJi on Mi such that < V^^ < 1, ^i\B^^^^{^x}udB^,^ix)) = 0' V^4fAB.({-}u9B^/^(x)) = ^ 
and Lip^j < C{n,T). Since // + '^{e\n,L,H) > on BB,{x{i)) for every sufficiently 
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large i, we have // + \l/(e; n, L, H)ipi > on Bji{x{i)). Therefore by Proposition 14.131 and 
Corollary 17. 18[ we have 



(25^ 



BR{x{i)) 



{d {ft + ^(e; n, L, H)i)i) , rfr^(i))rfyol 



(259) 




> - 


-(n-1) 


(260) 




> - 


-(n-1) 


(261) 




> 


-(n-1) 


(262) 




= - 


-(n-1) 


(263) 





BR{x{i))kH(x{i),w) 



{ft + ^{e-n,L,H)ij,)dYo\ 



k'rr (X(i),w) 

f'dYol - ^(e; n, L, H) 

BR{x{i))kjj(x{l),w) JBa(x{i)) 



UH,{x{i),w) 



kHA^ii),^) 



-ipi 



dvol 



UHXx{i),w) 



BRixii)) kH.ix{i),w 
kl_H{x~w) 



f!dvo\ - ^(e; n, L, H, r, R) 



Br{: 



x)kH{x,w) 



-(n-1)/ %^ 

JBR{x)kH{x,w) 



f'dv-^{e;n,L,H,T,R) 



fdv - '^{e;n,L,H,T,R) 



for every sufficiently large i. Since 

/ IC -d{ft + ^{e- n, L, H)ij,) |ciyoi < ^{e; n, L, H, r), 

JBRixii)) 

we have 



{df,dr,)dv>-in-l) f h^^^f{nj)dv-^>{e-n,L,H,T,R). 

Br(x) JBR{x)kH[X,w) 

By letting e — )■ 0, we have the assertion of the case supp/ fl {{x} U dB^,^{x)) = 0. 

Next, we shall discuss the assertion of the case supp/ fl {{x} U dB^,^{x)) ^ 0. We 
assume that H < and liniinfr_!.o v{Br{x))/r = 0. We take a sequence of positive numbers 
{rj}j satisfying Tj — )■ and limj^oo ^(-^rX^))/^* = 0- We also take a Lipschitz function 0j 
on Y satisfying 0i|_B^ ,2(x) = 1, < 0j < 1, supp0j C Br^{x) and Lip0i < C{n)/ri. We fix 
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e > 0. Then we have 



{df, dr^)dv - / {d{l - (f)i)f, dr^)dv 
Y Jy 



(264) 
(265) 

(266) 

On the other hand, since UHlk.H — 0; "^^ have 

(267) 

(268) >-{n-l 



< I \dm)\dv 



\d{(l)if)\dv 



< 



C{n,L) 



v{BrXx)). 



{d{l - 0,)/, drMv > -in -I) I M^ii _ ^;^fdv 

Jy kfj{x,w) 

Y kHix/w) 



Thus, by letting i — )■ oo, we have the assertion of the case ff < andlim.mir^Qv{Br{x))/r - 
0. 

Next, we shall discuss the assertion the case H < 0, lim.inir^oi^{Br{x))/r > and 
f{x) = 0. We take a sequence of positive numbers {rj}j satisfying Tj — )■ 0. We also take 
(hj as above. Then we have 



(269) 
(270) 
(271) 
(272) 

(273) 

(274) 



{df, dr^)dv - / (rf(l - 0i)/, dr^)dv 

Y JY 



< I \d{<PJ)\dv 



\dm)\dv 



Bnix) 



\fd(f)i + (f)idf\dv 

Bnix) 

< [ \f\\d<f),\dv + Upfv{BrXx)) 

JBr^ix) 



< rjLip/- 

= 2Lv{BrXx)). 



LviBrXx)) 



Therefore, we have the assertion of the case H < 0, lim.mir^Qv{Br{x)) /r > and 
fix) = 0. 

We shall discuss the case H < 0, liminfr^o'^(-Br(a;))/r > and f{x) > 0. Then we 
remark the following: 



Claim 6.2. We have 



limini v_AdBJx) \ C^ > 0. 
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The proof is as follows. For every sufficiently small r > 0, there exists an isometric 
embedding 7 from [0, 3r] to Y satisfying 7(0) = x. We put Xr = 7(5r/2). Then we have 

v{B^rix)\B2rix)) > l^(5_r_(x,)) > C (u, H)viBrix)). 

By [121 Theorem 4.6], we have 

(275) v.i{dBr{x) \ a) > v^i {dB,{x) n C^{B;r{x) \ B2r{x))) 

.97.^ ^ Cin,H)viBsrix)\B2r{x)) 

(277) > dn, Hf-^^^^r-^^ > C{nf-^^^^. 

Therefore, we have Claim 16.21 

By the assumption, there exist ro > and tq > such that f{w) > tq for every 
w G BrQ{x). Thus, by [l2l Theorem 5.2], we have 

(278) [ 'l''[^\ f{w)dv > C{n, ro, H, tq) / -^^dv 
JYkH{x,w) JBro{x)rx{w) 

(279) > C{n, ro, H, tq) / / -dv.idr 

Jo JdBr{x)\C:c ^ 

(280) ^C(.,.o.g..o)r"-'^^-W\^->d.r = oo 

Jo r 

Therefore, we have the assertion of the case H < 0, liminfr_i.of (-Br(3;))/^ > and 
fix) > 0. 

Finally, we shall discuss the assertion of the case H > 0. By rescaling, without loss of 
generality, we can assume that H = 1. If i? < vr, then we can prove the assertion by an 
argument similar to one above. Therefore, we assume that R = tt and OBt^^x) 7^ below. 
Then, by [B] (or |11|), we have F = S° * dB^/2{x). Here, for every metric space X, we 
define a distance on [0, vr] x X/{0, vr} x X by 



(ti, xi), (^2, X2) = arccos(costi cost2 + sinti sint2 cosminjxi, 0:2, tt}), 

S'' * X denote this metric space. We take z G dBj^lx). By Bishop-Gromov volume 
comparison theorem for v, we have 

viBrjx)) _ viY\ B^^rjz)) _ ^ v{B^-r{x)) ^ ^ Vol^.-r(g) _ VOl^r(g) 

v{Y) v{Y) v{Y) - vol B^{p) volS" 

for every < r < tt/2. On the other hand, by Bishop-Gromov volume comparison 
theorem, since v{Br{x))/v{Y) > vol-Br(p)/volS", we have 

v{Brix)) VolBrip) 



v{Y) vol S" 
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Similarly, we have v{Br{z))/v{Y) = vol Br{p) / vol S"^. Especially, we have 

^i^-^ ^JBrix)) _^.^ v{Br{z)) _ v{Y) ^ 

r^O UnT^ ^^0 CUnr" Vol S" 

Since A;.i(^)/A;i(r) > for every < r < 7r/2, by |l2l Theorem 4.2] and [12], Theorem 5.2], 
we have 



(281) 

(282) 
(283) 
(284) 



f I^i{x,w 

JB.{x)kl{x7w 



"'rf.< " 



C{n) 



JdBt(x)\C^ ^x 



dv-idt 






t vol B tip) 

< C(n) /■' ^^* < C{n). 



We remark that Cz = {x} and C^ = {z}. Similarly, we have 



(285) 

(286) 
(287) 



A/\_B7r (x) 



k!i[x,w) 
ki{x,w) 


dv= f 

Jb^(z) 


k!i[x,w) 
ki{x,w) 


dv 


<C{n) [' [ -dv.idt 

Jo JdBt{z) t 




< C(r,^ 1 


n v^iidl 


u^) \ a) 



dt < C{n). 
i 



We take rj > satisfying r^ — )■ and (pi as above. We also take Lipschitz functions (pi on 
Y satisfying < 0i < 1, 4>i\B,j2{^) = 1' supp0i C BrX^) and Lip0i < C{n)/ri. Then we 
have 

(288) 



(d/, dr^)dv - / {d{l - (pi){l - (pi)f, dr^)dv 
Y Jy 



< I \d{f-il-(P,)il~(P,)f)\dv 



(289) 

(290) 
(291) 



\d{(PJ)\dv+ / \d{(PJ)\dv 

Br^{x) JBr^iz) 



J— >oo „ 

-> 0. 
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On the other hand, by dominated convergence theorem, we have 
(292) 

f {d{l-(l)i){l-^i)f,dr,)dv 
(293) 



(294) 
> -{n- 1) 

(295) 



-)■ -in - 1 



Y ^i(avu^) 



l-(l)i)il-(t>i)fiw)dv 






f{w)dv 



n-1] 



Y 



ki{x,w) 



\(l-cp,){l-4^,)f{w)-f{w)\dv 



f{w)dv. 



'Ykiirxiw)) 
Therefore we have the assertion. 



D 



We end this section by giving a corollary of Theorem 16.11 The corollary is well known 
in the setting of metric measure spaces. See for instance [721 EH |89l [651 ESI |92l |93] . We 
will give a new proof via Laplacian comparison theorem on Ricci limit spaces: 

Corollary 6.3. Let {-f/^j}i=i,2,...,oo be a sequence of real numbers, {(Mj,r7ii)}igN o 
sequence of pointed n- dimensional complete Riemannian manifolds with RIcm^ > Hi{n — 1) 
and (Moo,moo) a pointed n-dimensional complete Riemannian manifold {n > 2). We 
assume that Hi — )■ Hoc and {Mi,mi) — )■ {Moo,moo)- Then we have RicA/^o — Hoo{n — 1). 

Proof. By |ni Theorem 5.9], we have {Mi,mi,H'^) -^ {M^,m^, H'^). Then, by 



Theorem 16. ![ we have, Arx{w) > —{n — l)l£fj^{x,w)/kfj^{x,w) for every x G M^o and 
w G Moo \ {Cx U {x}). Therefore, we have the assertion. D 



7 Appendix 

7.1 Infinitesimal doubling condition and Lebesgue set 

In this subsection, we shall study metric measure spaces satisfying a good property (Defi- 
nition [7IT|). On such metric measure spaces, we can construct an outer measure associated 
to the measure and give several properties about it. Especially, we will define Lebesgue 
set and give several properties of the set (see Corollary 17.61 and Proposition 17. 7p . 

Definition 7.1. Let {Z,v) be a metric measure space, A a Borel subset of Z and 
C > 1. We say that {Z,v) satisfies infinitesimal doubling condition on A with doubling 
constant C if the following properties hold: 
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1. v{K) < cxD for every bounded Borel subset K of A. 

2. For every z & A, there exists r > such that 

v(B2s{z)) < Cv(Bs{z)) 

for every < s < r. 

We shall give an example: 

Example 7.2. Let {Y, y, v) be a Ricci limit space, x a point inY, R a. positive number 
satisfying dBji{x) \ C^ 7^ 0. Then, the metric measure space {dBR{x),v^i) satisfies 
infinitesimal doubling condition on dB^{x) \ C^. In fact, we have 

lim sup ,^^ , , ^ , , , ^ , < C (n) 

for every z G dBii{x) \ Cx- This follows from P2l Corollary 4.7] and fS,, Theorem 5.2]. 

We fix a metric measure space (Z, w) and a Borel subset A oi Z satisfying that {Z, v) 
satisfies infinitesimal doubling condition on A with doubling constant C > 1 below. For 
every 6 > and A G Z, we put 

{CO 00 

Y,viBr,{xx)y, 0<r,<5, Ac [JB,,{X; 

and define an outer measure v* on Z by 

v*{A) = \imvl{A). 

We also put M = {A C 2^;v*{B n A) + v*{B \ A) < v*{B) for every B e 2^}. We 
shall recall that {Z,A4,v*) is a complete measure space and that B{Z) = {B G 2^; B is 
a Borel subset oi Z } G Ai. See for instance chapter 1 in [81j. By the definition, we have 
v{A) < v*{A) for every Borel subset A of Z. 

Proposition 7.3. We have v*{A) = v{A) for every Borel subset A c A. 

Proof. Without loss of generality, we can assume that v{A) < 00. We fix e, 5 > 0. 
There exists an open set O C 2' such that A G O and v{0 \ A) < e. For every a & A, 
there exists r^ > such that Br^{a) C O and that v{B2r{a)) < Cv{Br{a)) for every 
< r < Tq. By Proposition 12. 12[ there exists a pairwise disjoint collection {BrX(^i)} such 
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\N 



that ai e A, Ti < mm{5,ra J/100 and A\ Ui=i^n(aj) C Ui^Af+i ^5n(ai) for every A^. 
Since v{0) < oo, there exists A^ such that Yl't^N+i'^i^rii^i)) < ^- Then we have 

N oo 

(296) v}{A) < Y,v{BrM)) + E <BU<^^)) 

i=l «=Af+l 

A?" oo 

(297) <Y,v{B,,{a^)) + J2 CMBrM)) 

i=l i=N+l 

(298) <v{0) + C^t<v{A) + (l + C^)t. 

By letting (5 — )■ and e — > 0, we have the assertion. D 

The following corollary is a fundamental property for a relation to Hausdorff measure 
on metric measure spaces satisfying infinitesimal doubling condition. 

Corollary 7.4. Assume that there exists a > such that v is Ahlfors a-regular at 
every z & A. Then, v and H°' are mutually absolutely continuous on A. 

Proof. For every z G N, we put Aj = {a G A]i~^r"' < v{Bj.{a)) < ir"" for every 
< r < i^^}. Let D be a Borel subset of A. First, we assume that H"'{D) = 0. Then, we 
have H'^{D fl Ai) < H°'{D) = for every i. We fix i. Then, for every positive numbers 
e,6 satisfying e,6 « i~^, there exists a countable collection {Br^{xj)}j such that Vj < 6, 
Xj G D n Ai and J2j''^f < ^- Thus, we have '^jV{Br^{xj)) < \I'(e;2). Therefore, we 
have v*{D fl Ai) = 0. Since {Z,v*,Ai) is a complete measure space, we have v*{D) = 0. 
Especially, we have v{D) = 0. Next, we assume that v{D) = 0. By Proposition 17.31 we 
have v*{D fl Ai) < v*{D) = v{D) = for every i. Then, by an argument similar to that 
above, we have H°'{D fl Ai) = 0. Thus, we have H^'iD) = 0. D 

For subset A G Z, let Leb A, denote the set of points, a E A, such that for every 
e > 0, there exists r > such that v*{Bs{a) HA) > (1 — e)v{Bs{a)) for every < s < r. 
We call Leb A Lebesgue set of A. 

Proposition 7.5. We have 

t;*(i\Lebi) =0 
for every Borel subset A of A. 

Proof. We fix 2; G Z and e > 0. For r > and N e N, let Ar^N, denote the set 
of points, a G A n Biy{z), such that there exists a sequence of positive numbers rj > 
such that Tj -> and that v*{BrXci') HA) < (1 — T)v{Br^{a)) holds for every i. We 
remark that v*{Ar,N) < v*{A fl Bn{z)) = v{A fl Bn{z)) < 00. Thus, by the definition 
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of t;*, there exists a countable collection {BsXxi)}i such that Ar^^ C IJi^i-^Si(^i) ^^^ 
l^*(^r,7v) - E."i v{B,Xxi))\ < t. We put O = Bn{z) n {j^i BsX^i)- By the definition of 
Ar^N and Proposition 12.121 there exists a pairwise disjoint collection {i?r,(ai)}i such that 
fli e ir,7v, i^(S2r.,(ai)) < Ct;(5r^ (oj)), 5ioor,(ai) C O, v{Br^{ai) n A) < (1 - r)t;(5^^(ai)) 
for every i, and Ar^N \ Ui=i ^ni'^i) '^ Ui^7v+i B^rX'^i) ^^^ every iV. We take A^ satisfying 
YlT=N+i^^Bni.(^i)) < ^- Then we have 

TV oo 

(299) v*{Ar,N) < ^i;*(i.,iv nE,,(a,)) + ^ t;(55,,(a,)) 

«=1 i=N+l 

N oo 

(300) <^i;(in5,^(ai)) + C^' Y. ^(^nK)) 

«=1 i=Af+l 

TV 

(301) <{l-T)Y,v(BrXai)) + eC'' 

(302) < (l-r)t;(0) + eC^ 

oo 

(303) <(l-r)^t;(5,,(x,))+eC=^ 

(304) <(l-r)(t;*(i,,;v) + e)+eCl 

By letting e -)■ 0, we have v*{At-^^) = 0. Thus, we have A^^n G A^ and v*{A \ LebA) = 

V*{[Jr>0,Ne^^r,N)=0. D 

By Proposition 17.51 we remark Leb(Leb(A)) = Leb(A) for every Borel subset A G A. 

Corollary 7.6 (Lebesgue differentiation theorem for locally bounded functions). Let 
f be a Borel function f on Z satisfying that f is locally bounded at every a & A. Then, 
there exists a Borel subset A of A such that v{A \ A) = and that for every a & A and 
e > 0, there exists r > such that 



for every < s < r. 



-ev{Bs{x)) < _ 1/ - f{x)\dv < tv{Bs{x)) 

'B,{x) 



Proof. We fix e > and z (z A. For every A^ G N, by Lusin's theorem, there exists a 
compact set K^^n C A\^Bn{z) such that v{Af\BN{z)\K^^N) < e and that / is continuous 
on -f^e^Ar. We put -K'e^AT = Lebi^e^Af- Then, it is easy to check that for every x G Ke_^N and 
e > 0, there exists r > such that 



-tv{Bs{x)) < _ 1/ - f{x)\dv < ev{Bs{x)) 

JBs{x) 

for every < s < r. Therefore, we have the assertion. D 
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We end this subsection by giving a fundamental property of Lebesgue sets for Lipschitz 
functions on metric measure spaces satisfying doubling condition: 

Proposition 7.7. Assume that the following properties hold: 

1. < v{Br{z)) for every z & Z and r > 

2. There exist tq > and C > 1 such that 

v{B2r{z)) < Cv{Br{z)) 

for every z & Z and < r < tq. 

Then, for every Lipschitz function f on Z and Borel subset A of Z , we have Lip/(a) = 
Lip(/U)(o) a-nd lipfia) = lip{f\A){a) for every a G Leb(A). 

Proof. Without loss of generality, we can assume that a is not isolated point. There 

exists a sequence ai E Z \ {a} such that ai ^ a and that |/(ai) — /(a)|/aj, a — )• Lip/ (a). 

By the assumption, for every sufficiently large i, there exists di E A such that ajOj < 

\E'(a, a^; C)a,ai. Especially we have Sj ^ a, i.e. a is not an isolated point in A. It is easy 

ijo cliGck 

^.^ |/(aW(a.)| ^ j.^ \f{a)-J_m _ 

i^oo a,ai i-s>oo a,di 

Therefore, we have Lip/(a) < Lip(/|yi)(a). Thus we have the first assertion. Similarly, 
we have the second assertion. D 



7.2 A proof of Claim [3:251 

In this subsection, we shall give a proof of Claim 13.251 We define a function vri on R^ by 

7ri((xi,... ,Xfc)) = Xi. Then, by the definition, we have 

sh - LehA = {a = (ai,... , ak) G A; limmf ^ ^ ^ , / v ^v ^^^ = 1 ^ • 

t r^o UJk-ir" ^ J 

We define a function f^ on R'^ by f^{x) = H^'^ (Br{x) nAn vrf ^(7ri(a;))) 1a{x). First, 
we assume that A is compact. 

Claim 7.8. The function f^ is upper semi- continuous. Especially, f^ is H^ -measurable 
function. 

Proof. Let x^o be a point in A and {xi}i a sequence of points in R'^ satisfying x, — )■ 
Xoo- It suffices to check that limsupj_>.oo f^{xi) < f^{xoo)- Without loss of generality, we 
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can assume that Xj G A for every sufficiently large j. We fix ^ > 0. We take a subsequence 
{n(i)}jgN of N such that 

lim H''-^ (Br{Xn{j)) r\Ar\ Tl^\'Ki{Xn(^j)))) = limSUp/7^-^ (BriXi) HAH 7l^\7li{Xi))) . 

On the other hand, since a sequence of compact set {Br{xn(j)) H A n vrjf "'^(7ri(x„(j)))} is 
precompact with respect to the Hausdroff distance on R'^. Thus, without loss of generality, 
we can assume that there exists a compact subset i^oo of R'^ such that Br{xn{j)) Ci Af] 
ni'^{ni{xn{j))) converges to Koo in the sense of Hausdorff distance on R'^. Then, it is easy 
to check Koo C Br{xoo) r\ Anni-^ (iii^Xoo)) ■ There exists a finite collection {BrXyi)}i=i,...,N 
such that Ti « 6, Br{xoo) CiAf] Trf ^(7ri(xoo)) C IJ-^^^ BrXVi) and 



N 



H^-\Br{x^) n A n 7ri-i(7ri(xoo)) - Y^ Wfe-irf"' 



i=l 



<5. 



Since Br^x^o) fl A fl vr^ "'^(7ri(Xoo)) is compact, there exists Tq > such that i?T-o(-Br(a^oo) H 
A n 7ri~^(7ri(a;oo))) C Uii^n(l/i)- Since Br{xn{j)) r\ Ar\ -K^^^^Tii^Xnij))) C 5^(,(Koo) for 
every sufficiently large j, we have Br{xn{j)) CiAn vrf "'^(7ri(x„(j))) C IJi=i BrXVi)- Thus, we 
have 



TV 

(305) if'=-i(5,(x„(,)) n A n 7rr'(7ri(x„(,))) < J^ H'-\Briy,) n 7rr'(7ri(x„(,))) 

i=l 

AT 

(306) <5Zu;fc-ir'^-' 

(307) < H'-\Brix^) nAn n^'Mx^))) + 6 

for every sufficiently large j. Therefore, we have Claim rTSl D 

By Claim 17.81 we have the statement 1 in Claim 13.251 The statement 2 follows from 

Lebesgue differentiation theorem on Euclidean spaces. Finally, by Fubini's theorem, we 

have 

H\A \ sh - LebA) = f H^-\A n {t} x R^^^ \ sh - \.ehA)dt = 0. 

Jn 

Thus, we have the statement 3. Therefore, we have Claim I3l25] if A is compact. 

We shall give a proof of Claim 13.251 in general case. We fix i? > 0. There exists a 

sequence of compact sets Ki C B^i^k) fl A such that H^^BjiiQ^) fl A \ Ki) — > 0(i — )■ oo). 

By the definition, we have sli — Leb-ft'j C sli — Leb(i?/j(Ofc) fl A). As an outer measure. 
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we have 

(308) 

H\Bii{<du) nA\sh- Leh{BR{0,) n A)) < /f'=(5^(0,) nA\sh- LehK,) 

(309) < H\BniOk) nA\Ki)+ H\Ki \ sh - lebiT^) 

(310) "^ 

Thus, s/i — leb(Si^(0) flA) is a iJ'^-measurable set. Since sli — hehA = Uij>o sli — Leh{An 
Br{0)), we have the statement 1 in Claim 13^251 By Lebesgue differentiation theorem and 
Fubini's theorem, we have statements 2 and 3. Thus, we have Claim [3^251 

7.3 Distributional Laplacian comparison theorem on manifolds 

Our aim in this subsection is to state distributional Laplacian comparison theorem on 
manifolds we want to use in section 6. It is Corollary 17. 181 Throughout this subsection, we 
fix a positive number R > and (M, m) be a pointed n-dimensional complete Riemannian 
manifold (n > 2). We put C°° {B R{m)) = {/ G C'^ {B R{m)); there exist an open subset U 
of M and a smooth function g on U such that Bn^m) C U and g\Bji(m) — /}■ ^^ define 
a linear functional A^^^^V^ on C°° {B ^{m)) by 



^Trm{f)= [ {drrn,df)dyol 

JBnim) 



'Bn(m) 

Proposition 7.9. There exists unique Radon measure v^^^ on Bji{m) satisfying the 
following properties: 

1. A smooth function Ar^ on Bii{m) \ [Cm U {m}) is in L}{Bji{m)). 

2. supp(t;^;^)cC™n5«(m) 

3. For every f G C°° {B ^{m)) , we have 

^f'rM)= [ fAr^dYo\+ [ /dvol„_i+/ fdvf^. 

JBRim) JdBR{m)\C^ J BR(m) 

4- We have 

[ \Ar,\dyo\ + v^'^ZiBRix)) + voU_i(95fi(a;) \ C,) = -2 [ Ar,. 

JBr{x) ' JBii{x)n{Ara:<0} 

Proof. We put SmM = {u & TmM; \u\ = 1} and define t{u) > as the supremum 
of t G (0, oo) such that exp^ smIiq,*] is a minimal geodesic segment from m to exp^ tu for 
u G SmM. We also define a continuous function 0^ on SmM by 4>r{u) = min{t(-u), R}. We 
take a sequence of C°°-functions {^rJj on SmM and a sequence of open sets Oi C SmM 
satisfying the following properties: 
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1. Oi C Oi+i, U=i Oi = {ue SmM; t{u) > R}, (Pr-j-^ < <P'^ < (j)R and (f)^{u) < t{u). 

2. For every i, there exists / such that 0'}j|oi = R for every j > I. 

Remark 7.10. There exists {0^}^ and {Oi}i as above. We shall explain it below. 
We take a sequence of C°^-functions ip-^j^ on SmM satisfying {ip-'^ — (pR\L°°(SmM) -^ 0. 
Without loss of generality, we can assume that ip-^j^ < (pR. We take a sequence of open 
subsets Oi of SmM satisfying Oi C Oj+i and Ui^i ^i = {u E SmM;t{u) > R}. We put 
O = {u e SmM;t{u) > R}. We take a C°^-function (pi on S^M satisfying < 0, < 1, 
(pi\oi = 1 and supp0i C Oj+i. We define a C°^-function 0^-' on SxM by P^r{u) = 
(1 — (pi{u))ip-'j^{u) + (pi{u)R. Then, we have (P^r{u) = iP''r{u) < Pr{u) = t{u) for every 
u G SrnM \ Oj+i. and (p^^{u) = R for every u E Oi. For every i, there exists jo{i) 
such that \ip^j^ - Pr\l^(s^m) < i'^ for every j > jo{i). We put 0*^ = (p'^^^'K Then, 
we have 0^|o, = i? and 0*^(m) = (1 - (P,{u))^P'f\u) + (Pi{u)R < (1 - (Pi{u))(PR{u) + 
<pi{u)R < (1 - (pi{u))(pR{u) + (pi{u)<pR{u) = <Pr{u) < t{u) for every m G O and 0*^(m) = 
(1 - 0,(m))V^^'(^Hiz) + Uu)R = (1 - 0,(m))V^^«(^^(m) < VS'^^^m) < 0i?(tx) = t(M) for every 
u G 5'^M \ O. Therefore, we have (Pr{u) < (Pr(u) and (Pr{u) < t(u) for every u G SmM. 
Since 0ij|o,+i = -R, we have |0*/j(m) - (Pr{u)\ = |(1 - (pi{u))%p^^^\u) + 0i(M)-R - (Pr{u)\ < 
{l—(pi{u))\(p^'^ {u)—(pR{u)\+(pi{u)\R—(pR{u)\ < i^^ for every -u G Oj+i. On the other hand, 
since (pi\smM\Oi+i = 0, by an argument similar to one above, we have \(Pr{u) — (Pr{u)\ < i~^ 
for every u G SmM \ Oj+i. Thus, we get an existence of sequences {(Pr}j and {Ojjj as 
above. 

We define an open subset V^ of M by V^ = {exp„ tu G M; u G SmM, < t < (Pr{u)}. 

Claim 7.11. We have dVj^ = {exp^t-u e M;u e SmM,t = (pRiu)} for every j 
satisfying j^^ < m,Cm- 

The proof is as follows. We take w G dV^. By the definition, there exist Ui G S^M and 
< ti < (p-'j^ such that Wi = exp^ tj-Uj — )■ tf;. By the compactness of SmM, we can assume 
that there exist t G [0, R] and -u G SmM such that ti ~^ t and Mj — > -u. Thus, we have 
w = limj_^oo exp^ tj-Uj = exp^tw. Since tj < (p-'^{ui), we have t < 0]:j('u) < t{u). Thus, we 
have w & M\Cx. If t < 0jj.('u), then by the continuity of 0]^,, there exists r > such that 
t < (p''^{u) for every t and u G SmM satisfying |t — t| < r and u,u < t. Thus, we have 
exp^t-u E M\ dV^. This is a contradiction. Therefore, we have (P'^r{u) > t. Similarly, if 
t > (Pr{u), by the continuity of 0-}j, there exists r > such that (Pr{u) < t < t{u) for every 
t and u G S'mM satisfying \t — 1\ < r and u,u < r. Thus, we have exp^t-u G M \ dV^. 
This is a contradiction. Therefore, we have dV^ C {exp^t-u G M; -u G SmM,t = (p-'^{u)}. 
On the other hand, for every u G SmM, we take a increasing sequence < tj < <P''r{u) 
such that ti — )■ (Pr{u). Since exp„0'}j,(-u)-u = limj^oo exp„ tj-u G l^^ and exp^^ |M\Cm 
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gives diffeomorphisin to the image, we have exp^0-}j('u)-u & M \ V^. Especially, we have 
exp^(j)-^j^{u)u G dV^. Therefore, we have Claim [TTTl 

It is easy to check that dV^ is a compact (ra — l)-dimensional C°°-Riemannian subman- 
ifold of M and is diffeomorphic to S""^ for every j satisfying j^^ < m, Cm- Especially, 
Vj^ is a compact n-dimensional C°°-Riemannian submanifold with C°° -boundary. 



Claim 7.12. We have {'Vrm,Nw){w) > for every j satisfying j ^ < m,Cm, and 
w G dV^. Here N^^ is the unit outer normal vector ofV^ at w., 

Because, since N^ is outer vector, we have (A^^,7'(0)) < for the minimal geodesic 7 
from w to m. Thus, we have Claim 17.121 

For every j satisfying j~^ < m, Cm, we define open subsets A_^'-' , A^ of V^ by Aj^'-' = 
{w eVi\ {m}; Arm{w) > 0} and A^'^ = {w e Vl\ {m}; Ar^(w) < 0}. 

Claim 7.13. We have 



Armdvol < — / Ar^c^vol < 00. 

R,3 I aR,j 



The proof is as follows. We put 9{s,u) = s""^A/det((y'jj|exp^s«)) for u G SmM and 
< s < t{u). Here, gij = g{d/dxi,d/dxj) for a normal coordinate (xi,X2,... ,x„) around 
m. By rescaling, without loss of generality, we can assume that Ricjv/ > — (n — 1) on 
Bioor{x). Then, we have 

r coshxTW^^^^ 

JBnix) smhx,w 

'"'"^^^^^'^^ ^.cosht,, , , , 
[n — 1) . 6[t, ujdtau 
SmM Jo sinht 

cosh t 
{n - 1) — - — sinh""-^ tdtdu 
SmM JO smht 

R 

{n — 1) cosh tsinh"~ ^t(it(iu < 00. 

SmM Jo 

n — 1 

Armiw) = — + 0{m,w) 

m,w 

for every w satisfying that m,w is sufficiently small, we have 
(315) / \Ar^\dvol< I (^^^ + 1 ) dvol 



(311) 


- / Ar^rfvol < 


(312) 


= 


(313) 


< 


(314) 


< 


Since 





Br{x) 



x,w 



(316) = / / e{t,u)dtdu + vol Brix) 

Js^M Jo ^ 

(317) <C{n) I I ^^—^f'-^dtdu + YolB^ix) 

Js^M Jo i 

(318) ""4° 0. 
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Therefore, we have 



Ar^dvol = hm / Ar^rfvol. 

Thus, by divergence formula and Claim [7!T2| we have 



(319) / Ar^dvol = - / (Vr^, A^t„)(ivol„_i - lim / {-Vr^,Vr^)dvo\n-i 

(320) =- [ {Vr,,N^)dvo\^_^<0. 

Jdvl 



' R 

Thus, we have 



Ar^jrfvol + / Ara;(ivol < 0. 



Therefore we have Claim [7?T51 

Next claim follows from Claim 17.131 directly: 

Claim 7.14. We have 



X I 



Ar^lfivol < —2 / Avrdvol < oo. 



Especially, Ar^ G L^{Br{x)). 

Therefore, for / G C°°(-Bij,(a;)), we have 



(321) A^-V^(/)= hm / {df,drm)dyol 

(322) = lim ([ /AMvol+ /" {dr^,N^)fdYo\n- 

(323) - / {drm,drm)dYo\n-i 

JdBr(m) 



(324) =/ /Ar^rfvol + lim / (cir„, Ar^)/c?vol„_i. 

Claim 7.15. For every w G M, we have 

}'Z'^dV^ndBRix)H = hBnix)\cAw)- 

The proof is as follows. We take w G M. 

1. The case w G dBu{m) \ Cx- Then, there exists u G SmM such that R < t{u) and 
w = expj^Ru. By the definition of 0]:j, we have 0]:j('u) = R for every sufficiently 
large j. Thus, by Claim UTJl we have w = exp^ (j)-'^{u)u G dV^. Therefore, we have 
lim^^^ lay^n9Bfl(m)(^) = ^dBn{m)\Cm{w). 

133 



2. The case we{M\ {dBR{m) \ C^)) n dBn{m). Then w G C^. By Claim [TTH since 
Vi n a. = 0, we have hm^-^oo '^dv^ndBi,{m)M = = laBH(m)\c„(w). 

3. The case w e (M\(a5fi(m)\C^))\a5R(m). Then, we have w G M\(ay^na5^,(m)) 
for every j. Especially, lim^^oo ^dv^ndBRim)i^) = = ^dBR{m)\c,^{w). 

Thus, we have Claim 17.141 

Then, since (Vr^, A^^)/(u7)lgy^nc»Bfl(m)(^) ~^ /(^) ^^^ ^very u; e dBR^m) \ C^, by 
dominated convergence theorem, we have 

(325) 



9V^n9Bfl(m) JdBR{m)\Cm ^ 



(326) '-> / /rfvol„_i. 

Therefore, we have 
(327) 

lim / lyr^,Ny,)f{w)dYo\n-i 
(328) 

= lim / (Vrm,A^t„)/(w)(ivol„_i + / (Vr^, A^^„)/(M;)(ivol„_i 

(329) 

= / /(ivoU_i+lim / (Vr^,A^^)/(w;)(ivol„_i. 

We define a linear functional $ on C^{B2R{m)) by 

$(/) = lim / {Vrm,N^)f{w)dYoln-i. 

By Claim [7?T^ if / > 0, then $(/) > 0. Therefore, by Riesz's theorem, there exists a 
Radon measure v^^^ on B2R{jn) such that 



J Bon(m) 



' B2R(m) 

for every / G C^{B2R{m)). 

Claim 7.16. We have supp(t;^"^) C BR{m), i.e. for every Borel set A C B2R,{rn) \ 
BR{m), we have v^^^{A) = 0. 
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The proof is as follows. Since t;^°^ is a Radon measure, without loss of generality, we 
can assume that A is compact. We take r > satisfying r « min{yl, Br{x), A, dB2R{x)}. 
We also take G C^ {B2r{x)) satisfying 0U = 1,O<0<1, supp0 C 5^ (A). Since 
(/)|-g (^) = 0, by the definition of $, we have $(0) = 0. On the other hand. 



JBo„(x) 



'B2r{x) 

Thus, we have Claim ITTTGl 

Since V^ C BR{m), if /i, /2 € C^{B2R{m)) satisfies /i|b^(„) = /2l5^(m), then we have 

/ iyrm,Nw)fi{w)dvo\n-i= / (Vr„,/0/2(w)c?vol„_i 

JdV^\dBR{m) JdV^\dBR(m) 

for every j. Especially, we have $(/i) = $(/2)- By the definition, for every / G 
C~(5R(m)), there exists F G C~(52ij(m)) such that F\-^^^^^ = f. If we put $(/) = 
<I>(F), then, $(/) does not depend on the choice of F. Thus for / G C°°{BR{m)), $(/) 
is well defined, we have. 



(330) $(/) = ^F) = lim / (Vr^,iV^)F(«;)rfvol„„] 

(331) = lim / (Vr^,Ar^)/(^)rfvol„_i 



and 



^(/) = <^(i^) = / Fdv-Z = / /rft;^''^^ 



R,m ~ _ J "''^R,m- 

B2R(m) JBRim) 



Therefore, we have 

^Trm{f)= I /Ar„rfvol+ / /rfvol„_i + / fdvf^ 

JBRim) JdBR(m)\Cm J BR{m) 

for every / G C'^{Br{x)). By taking / = 1 and the definition of A^'^^^r^, we have 
= A^^^V^(l) = I Ar^rfvol + vol„_i(a5^(m) \ C^) + vfl(BR{m)). 

JBRim) 

Thus, we have 

v'j^^'^iBrix)) = - f Ar^dYol - vol„_i(9i?R(x) \ a). 

JBr{x) 

Especially, we have 
(332) 
/ |Ar„|dvol + vol{dBR{m) \ CJ + vfl(BR{m)) = I | Ar„,|dvol - / Ar,„dvol 

JBRim) ' JBRim) JBRim) 



(333) = ~2 / Armdvol 

J BRim)n{Ar„^<0} 
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Claim 7.17. We have supp(t;J^) C C„ n BR{m). 

The proos is as follows. First, we shall prove supp(t;^°^) C dBji{m)UCm- It suffices to 
check that v^'^{A) = for every compact set A C Bjiim) satisfying An{dBR{m)UCm) = 
0. We take r > satisfying r << A, C„ U (95ij(m). We also take G C^{B2R{m)) 
satisfying < < 1, (J)\a = 1 and supp0 C Br (A). Then, we have 

viZiA) < [ (PdviZ = lim / {Vrm,N^)^{w)dYo\n-i. 

We take j satisfying j^^ < ^, and w E dV^ \ dBfi{m). By Claim 17. IH there exists 
u G S^M such that w = exp^ (j)-^j^{u)u. Since (Pr{u)—j~^ < 4>r{u) < 4>r{u), if 0r('u) = t{u), 
then, since w, Cm < j^^ < yoo' ^^ have 4>{w) = 0. On the other hand, if 4>r{u) = R, then, 
since w,dBR{m) < j^^ < y^, we have 4>{w) = 0. Therefore, we have (plgyUg^ („■> = 0. 
Thus, we have vf^{A) = 0. Finally, we shall prove supp(i;^'^^) C Cmfl i?ij(m). It suffices 
to check that vf^{dBR{m) \ Cm) = 0. Since Oi is compact, there exists a sequence of 
nonincresing sequence Tj > such that Tj — )• and t{u) > R + Ti for every u E Oi. We put 
Ui = {exp^ tu; u G Oj, i? — Tj < t < i? + Xj} and Vi = {exp„ tu;;uE Oi, R — Ti^i/2 <t< 
R + Tj+i/2}. Since Oi C Oj+i, we have Vi C f/j+i. We take 0j G C^ {B2R{rn)) satisfying 
0j|y. = 1, < 0.j < 1 and supp0.j C f/j+i. We fix i. Then, since [/jflSV^ C Uir\dBR{m) for 
every sufficiently large j, we have supp0i fl {dV^ \ dBR{m)) C f/^+i fl (9V^ \ dBR{m)) = 
for every sufficiently large j. Thus, we have 



(334) vZ{dBR{m)nVi}< f ^dvt 

J Bo aim) 



(335) = lim / {Wrm,Nw)(t)i{w)dNo\n-i 

J^°° JdV^\dBR{m) 

(336) = 0. 

By letting z — ;■ oo, we have v^^^{dBR{x) \ Cx) = 0. Therefore, we have Claim 17X71 

Thus, we have the assertion. D 

The following corollary is used in the proof of Theorem 16. II See also [U Theorem 4.1]. 

Corollary 7.18. Let H he a real number, {M,m) a pointed complete n-dimensional 
(n > 2) Riemannian manifold with Ricjv/ > {n — 1)H , R a positive number and f a 
nonnegative valued Lipschitz function on BR{m). Then, we have 

{df, drm)dvo\ > -{n - 1) / ~" ' f(w)dvol 

BR{m) JBR{m) •^HV^^'^) 
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7.4 Co-area formula for distance functions 

In this subsection, we shall give several measure theoretical properties on non-collapsing 
Euclidean cones. For example, we will prove co-area formula for distance functions (see 
Proposition \7.22\i . Throughout this subsection, we fix an (n, — 1)-Ricci hmit space (n > 2) 
{Y, y, v) and assume that the following properties hold: 

1. There exists a compact geodesic space X such that diamX < vr and {Y,y) = 
{C{X),p). 

2. dim^X = n — 1. Here, dim^^X is the Hausdorff dimension of X. 

Then by [7], Theorem 5.9], there exists C > such that v = CH"^. First, we shall 
recall definitions of lower dimensional Hausdorff measures associated to v and standard 
(spherical) Hausdorff measures (see section 2 in [8]). For convenience, we will use the 
notaion below: r^°'v{Br{x)) = for every x ^Y and a > if r = 0. For a G R>o, S > 
and a set A C Y, we put 

{oo oo 

Y^r-"v{BrXx^))■, x,eY, 0<r,<6, Ac[JBr 



iH'')s{A) = inf <j ^ oj^r^; x, eY, < r, < 5, A C [JB^ 
and 






v^^iA) = hm{v^^)s{A), if°(A) = \imiH'')s{A). 

(5— s>0 <5— !>0 



For a subset A C {1} x X C C{X). we also put 

{v-a)xAA) = \ $^^^"^(5n(x.)); x,e{l}xX, 0<r,<6, Ac\jBr 



j=i j=i 



iH'-)xAA) = \ J^^a^^"; x,e{l}xX, 0<r,<6, Ac [JBr^x, 

and 

{v.^)x{A) = hmiv^MA), H%{A) = lim(if"),(A). 

(5— !>0 (5— !>0 

We remark that v.^iA) < {v_a)x{A), H'^{A) < H'^{A) for every subset A d {1} x X 
and that if we define a map from {X,dx) — ?■ ({1} x X,dc{x)) by 0(x) = (l,x), then 
i/«-i(/l) = i7^-^(0(A)) for every AcX. 

Lemma 7.19. We have V-i{A) = {v^i)x{A) for every Borel set Ad X. 
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Proof. We fix sufficiently small positive numbers 5, e > 0. By definition, there 
exists {BrXxi)}i such that < Tj < 6, Xi = {ti,Wi) G C{X) = R>o x X/{0} x X 
and |(t;i)5(A) — Xli^i '"j~"'^^(-^n(^j))| < ^- Without loss of generality, we can assume that 
BrXxi) n A 7^ for every i. We put yi = {l,Wi) G C{X) and iji = {l,Wi) G (R x 
X, \/d-^2 + d\). It is easy to check that the map $i(s, z) = {s, z) from B^rX^i) to R x X 
gives (1 ± \E'(5))-bi-Lipschitz equivalent to the image. Therefore, we have B^.{xi) H ({1} x 
X) C B^^^^^^^^/-p2Z==2{yi)- On the other hand, since \ti - 1| < (5, a map ^i{t,w) = 
{t + ti — l,w) from i?(i_|_^(5))r^(yj) to C{X) gives (1 ± \E'(5))-bi-Lipschitz equivalent to 
the image. By $i(yj) = Xj, we have Image $ C B(^i^i^(^s))ri{xi). Therefore, we have 
H^iB^,+^^s))rM) < (1 + ^W)^"(5(i+*(5)k(x.)) < il + ^i6))H^iBrXx,)). Thus, since 
V = CH"^, we have 

oo 

(337) {v^i)x,ii+^iS))5{A) < Y^iil + ^{5))T,)-'CH-{B(,^^(s))rXyi)) 

i=l 

oo 

(338) < {l + ^{5))Y,ri'CH-{BrXx^)) 

i=l 

(339) <(l + ^(5))((t;_i)x,5(A) + e). 

By letting e — )■ and 5 — ?■ 0, we have the assertion. D 

Similarly, we have the following lemma: 

Lemma 7.20. We have H'^~\A) = H'^-^A) for every Borel set A C {1} x X. 

We shall remark the following: By Bishop-Gromov volume comparison theorem for 
V, there exists V > 1 such that V~^ < lim^-^o ''j{.Br{x))/uJnr'^ < V for every x G B2{p). On 
the other hand, since v = CH"^, we have \im.r^ov{Br{(t, w)))/unr"' = \im.r^ov{Br{{s, w)))/unr"' 
for every < s < t < oo and w G X. By these facts and Corollary 17.41 it is easy to check 
that there exists Ci > 1 such that C^^v^i{A) < if"-^(/l) < CiV^i{A) for every Borel 
subset AoiC{X). 

Lemma 7.2L The product measure H^ x if"~^ on R x X zs equal to H"-. 

Proof. It suffices to check that if"([0,a] x A) = aH'^~^{A) for every Borel subset 
A OS X and a > 0. By Corollary 13.581 there exists a Borel subset X of X such that the 
following properties hold: 

1. i/"-i(X\X) = 0. 

2. For every a; G X and e > 0, there exist r^ > such that for every < r < r^, there 
exist a compact set C^ C Br{x) and a Lipschitz 0^ from C!^ to R"^-*^ such that 

m-\Br{x)\C^) 



i7"-i(5,(x)) 
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< e 



and that 0^ gives (1 ± e)-bi-Lipschitz equivalent to the image. 
For every x E X and e > 0, by Fubini's theorem, we have 



(340) 
(341) 
(342) 
(343) 



iJ"([0,a] X C^.) = (1 ±e)i7"([0,a] x 0^(C,")) 

= (l±e)a/7"-i(0^'(Q')) 
= {l±t)aH''-\C^,) 

= il±e)aH''-\Br{x)) 



for every sufficiently small r > 0. On the other hand, by the proof of [441 Lemma 5.2], 
we have -ff"([0, a] x A) < C{n)aH'^'^{A) for every Ac X. Thus, we have 

r^o aH''-^{Brix)) 
for every x E X. Therefore, there exists a Borel set A C A such that H"'^^{A \ A) = 

^^ H-{[0,a]xB,.{x)) _^ 



and 



r^o aH'^-^iBrix)) 



,. H''-\AnBJx)) 
lim = = 1 



for every x e A. We remark that //"([O, a] x {A\ A)) < C{n)aH''-\A \A) = 0. We fix 
a sufficiently small e > 0. By Proposition I2.12[ there exists a pairwise disjoint collection 
{BrXxi)}ie-N such that Xi G i, n < e, A\|Ji=i ^^(a^i) C Ui^Af+i B^rX^i) for every A^ G N 
and 



iJ"([0,a]xB,(x,)) 



aif"-i(5,(x,)) 



iJ"-i(AnB^(xi)) 

H-~\Br.{x{)) 



< e 



for every < r < rj. We take A^ satisfying Y1^n+i -^" H-^n(a;j)) < e- Then, we have 

N oo 

(344) i/"([0,a] X i) < ^if"([0,a] x B,Xx,)) + J^ i^"([0,a] x B,,X^,)) 

i=l i=N+l 

N oo 

(345) <5];i7"([0,a]x5,^(x,)) + aC(n) J^ if"-^(55.,(x,)) 

i=l i=N+l 

N 

(346) < ^ /7"([0, a] x 5,^(xi)) + ^(e; n, a, Ci) 



i=l 



N 



(347) 
(348) 



< a ^ if"-i(5,,(xi)) + ^(e; n, a, Ci) 



j=i 



< a(l + e)(if"-^(A) + e) + *(e; ri, a, Ci 
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Therefore, we have 

i7"([0,a] xA) <aH''-^{A). 

On the other hand, we have 

(TV \ ^ 

^if"-i(5,^(a;,)) + ^(e;n,Ci) < (1 + e) ^/f"([0, a] x ^.^(a;^)) + ^(e; n, a,Ci) 
i=l / i=l 

and 

H-{[Q,a]xBrM)) - ^ '^ aH--\BrXxi)) " ^ ' ^" 

Therefore, we have 

N 



(349) aH''-^{A) < (1 + e) J]if"([0, a] x 5,,(xi)) + ^(e; n, a, Ci) 

N 

(350) < (l + ^(e;n))^/f"(([0,a] x 5^^(xi))nA) +^(e;n,a,Ci) 

(351) < (1 + ^(e; n))i7"([0, a] x A) + ^(e; n, a, Ci). 

Therefore, we have 

ai7"^i(A) <i7"([0,a] X A). 

Thus, we have the assertion. D 

Proposition 7.22 (Co-area formula for distance functions on non-collapsing Eu- 
clidean cones). We have 

/ /d/7"= / / fdH^'-^dt 

Jc{X) Jo JdBtip) 

for every f G L^{C{X)). 

Proof. By [42, Theorem 5.2] and Civ^i < i/""^ < Civ^i, it suffices to check that 

for every x G C{X) \ {p}. We put R = p, x > and fix sufficiently small r > 0. Then, 
since a map $(t, w) = {t, w) from Br{x) to R x X gives (1 ± \E'(r))-bi-Lipschitz equivalent 
to the image, we have 

5{l-*{r))r($(x)) C <^{Br{x)) C 5(i+^(^))^($(a;)). 
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On the other hand, by Lemma [7.211 and Fubini's Theorem, we have 

if" (5(i+^(,)),(<l>(x))) = / iJ"'i (({t} X X) n 5(i+,,(,)),(<l>(x))) dt. 

Since ^{dBt{p) n Br{x)) C ({t} x X) n B(i^^^r))r{^ix)), we have 

/•iJ+(l+*(r))r 

if" (5(i+*(,)),(<l>(a;))) > (1 - ^(r; n)) / H^-\dBt{p) n 5,(x))dt. 

-'i?-(l+1'(r))r 

Therefore, we have 

1 f°° 

1 > hmsup / ii"-i(9i?,(p) n Br{x))dt. 

Similarly, we have 

Therefore, we have the assertion. D 

Proposition 7.23. We have v^i{A) = C{n)CH'^^^{A) for every Borel set A c {1} x 



X. 

Proof. By yjj, we have 






for every z G 7^„(F). Since 7^„(r) n ({1} x X) = {1} x 7^„_l(X), by Proposition [7221 
we have H'^-^{X \ 7^„_l(X)) = 0. We fix e, 5, r > 0. We put 

H^{Br{a)) 



Ar= {ae An7^„_l(X); 



1 



< e for every < r < r > . 



By the definition of V-i, there exists {i?ri(a;j)}i such that Xi G A^, r^ < min{(5, r} and 
|t;_i(A^) - YA=irl^v{BrXxi))\ < e. Thus, we have 

oo 

(352) {H--^)s{A,) <Y,^^~irr' 

i=l 

oo 

(353) <Y^'±zlrr\l + e)H-{B,,{xd) 

1=1 

oo 

(354) = ^ ^^^(1 + e)r-'C-MBrA^^)) 






l^n-1 



(355) < V ^^(1 + t)C-\v^Mr) + e). 

By letting 5 — )■ 0, r — )■ and e — > 0, we have 

Cii"-1(A) < ^^^t;_i(A). 
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Claim 7.24. There exists a Borel subset Z o/{l}xX such that H''-^{{{l]yiX)\Z) 



0, 



lim 



H^-\B,{z) n ({1} X X)) 



Un-ir 



n— 1 



for every z & Z . 

The proof is as follows. Let a; be a point in X and {rj}j a sequence of positive 
numbers satisfying r^ — )■ 0. We assume that there exists a tangent cone {T^X, Qx) of 
X at X such that (X,x,rrMx) -^ (T,X,0^.)- By 011 Claim 4.5] and [3 Theorem 5.9], 
we have (C(X),r-^rfc(x), (l,x),i7") ^ (R x T,X, (0,0^), i7"). Moreover, By the H''-^- 
rectifiability of T^X (Corollary I3.58P and an argument similar to the proof of Lemma 
17. 2H we have H^ x H^~^ = H^ on R x T^X. Since a sequence of compact sets [—1, 1] x 
B^" {x) C C(X) converges to [—1,1] x Bi{Ox), by Proposition 12.141 and Proposition 
14.131 we have 

lim i7"([-l, 1] X F;"'"(a;)) = iJ"([-l, 1] x 5i(0,)). 



By Proposition Oa we have i/"([-l, 1] x B"^' ''^"'(x)) = 2H''-\B[' ''^''{x)). Especially, 
we have 

lim H''-\B'f'^'' (x)) = H''-\B^{Ox)). 



Therefore, if we put Z = 7^„(F) n ({1} x X), then we have Claim Ol 

We put W = Leb(y4 fl Z) with respect to the measure H"'^^. By Proposition I2.12| 
there exists a pairwise disjoint collection {i?j,^(aj)}j such that Oj G W , Vi < 5/100, W \ 



,N 



Ui=i BrX^i) C Ui^Tv+i B5rA(^i) for every X and 



^"(i?n(a.)) 



w„r," 



H^-\BrXa^)nW) 



oon-irr' 



< e 



for every i. We take X satisfying J^'jZn+i B"' ^(-Br,(aj) H W) < e. Therefore, we have 
^^^^ -f/'"~"'^(i?5r^(aj)niy) < \l'(e; n, Ci). Then, by the assumption, we have J2 



jV+l'^n-l'i ^ 
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^(e;n,Ci). Therefore, we have 

N oo 

(356) {v-MW) < Y,ri'v(B,M)) + J] {hr,)-MB,rX<^i)) 

j=l i=N+l 

N oo 

(357) <Y,ri'CH-{B,X^,))+ ^ C{n)Crr' 

i=l i=N+l 

N 



(358) < Y,^i^CH^{BrXad) + ^(e;n,C,Ci) 

TV 

(359) < ^ Cc^nrf- ^(1 + e) + ^(e; n, C, Ci) 

(360) < ^^(1 + e) V/J'^-i(5,,(a,) n W^) + ^(e;n,C,Ci) 

1=1 

(361) <^^(l + e)if"-i(Py) + ^(e;n,C,Ci). 
By letting (5 — )■ and e — )■ 0, we have 

Thus, we have the assertion. D 

We end this subsection by giving a proof of the following proposition: 
Proposition 7.25. We have 

j.n—1 

for every < s < t < n and x E X . 

Proof. We remark that there exists C2 > 1 such that for every metric space X, a bi- 
Lipschitz map fx{x) = {l,x) from Xto{l}xXc C{X) satisfies Lip/^ + Lip/T^ < C2. 
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Therefore, by [IH Theorem 5.7] and Proposition I7.22[ we have 

(362) H^-\Bt{x)) < Cin)H^-\Bc,ta,x) n ({1} x X)) 

(363) = C{n)C-'v-i{BcA^, x) n ({1} x X)) 

(364) < 



Cin)v (CpiBcA^, x) n ({1} X X)) n Ap(max{0, 1 - Cst}, 1)) 



Cvol Ap(max{0, 1 - Cst}, 1) 



(365) <^v{B,cA^,x)) 

(366) <^^^v{B^-.^{l,x)) 

j.n-1 /-l+Cr^s 



(367) < C{n)^^ / iJ"-^(95.(p) n fi^ i,(l,x))c?r 

^ Jmax{0,l-C2^s} 

(368) <C{n)^^ r''-^H''-\dBi{p)r]Bc-i^{l,x))dr 

(369) < C{n)-^sH--\dB,{p)nB^-.^{l,x)) 

j.n—1 

(370) < C(n)-^/7"-i(9i?i(p) n 5^-1,(1, x)) 

in— 1 

(371) <C{n)-^^H-\B,{x)). 
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